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The following Work was undertaken with a view 
of illustrating the importance of Analytical Geometry, 
as a Method of Investigation. The Author was 
further encouraged in t^e prosecution of the design 
thus commenced, hy the hope of being able to treat 
some parts of the subject in a simpler manner than 
had been previously done. How far he may have 
succeeded in this secondary object, it must be left 
to others to decide ; his priacipfil end^ however^ will 
have been attained, if his. Work shall be the means 
of attracting the attention of the Student to a branch 
of Science, which is of extensive utility in the higher 
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INTRODUCTION. 

I. Mathematical Quantity is of two kinds. Number 
' mad Extension. The Science which treats of the former j« called 
} :Anthinetic ; that which treats of the latter, is called Geometry. 

Two separate branches of Science are comprehended under 
the general denomination of Arithmetic ; Arithmeticy properly 
so called, and Universal Arithmetic, or Algebra. Number is 
denoted by particular characters in the one, end by general 
characters in the other ; but the operations in both are founded 
upon the same principles. 

Algebra and Geometry, although conversant with objects 
eisentially different, may yet be rendered subservient to each 
ptber in the investigation of mathematical truths. To understand 
Jiow this is to be effected, we must attend to the following con- 
#ideratioDs. 

In Algebra, Quantity, and the Relations of Quantity, are both 
denoted by symbols ; in Geometry, Quantity is represented by 
magnitudes resembling those which are the objects of reasoning, 
SB a line by a line, a circle by a circle, and so on ; and the 
various relations of Quantity are expressed in common language. 

If the same symbolical notation, therefore, be employed to 
represent both kinds of Quantity, geometrical questions may 
then be treated algebraically, and the primary operations of 
Algebra may be performed geometrically. In the former case. 
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8 ANALYTICAXi GEOMETRY. 

d}e geametrical value of jr is a mean; proportional 



between 



\ and a + 6 + c+... — (^ + e + ..0. 



Take a straight line 

ilC = a + 6 + ...-- (rf + e + .• .), 

produce AC, to B, 90 that CB may =\; on AB describe a 
8emi-circle> and from C draw CP at right angles to AB^ meet** 
ing the circumference in P; then CP is the line required. 

(2) Let j?sfe y'afi; 

and (x) is a mean proportional between a and £> which may, 
therefore^ be determined by the first case. 

<3) Let ar= t/{ai + cd}; 

•*. x^ = ab + cd 

(cd\ 

therefore x is a mean proportional between {a) and the line 
cd 
a 

(4) Let j:= V^(fl* + a 

then X is evidently the^ hypotenuse of a right-rangled triangle 
whose sides are a and b. 

If a:= t/{a« + 6Vc*}. . ' 

Find m^^b^ + c\ • 

and therefore may be constructed as before. 

(5) Let x=: /(a«-6«) or = V^(a -I- 6) (a - A). 

Here x is a mean proportional between a + b and a -^ A, and 
may thei^ore bje determined. 
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10 ANALYTICAL GEOMETRY. 

Now as the sign of the second term depemb ufpoii: that of* sr, it 
w3l be sufficient to construct the poets of 

C ' •■•■■• 

X — 2px ± nr. 

Since these roots^;*wheii taken ae^^tiyeiy, will represent the 
roots of X* + 2px ± m*. 



The equatbh being resolvedj x =sp ± sj^ i- m*. 



(1) To construct x =50 ± ^/»* — fiC^ 

Assume (fig. £•) any straight tine AB^f, and upoh'it di^crilte 
a semi-circle; insert the line ilCssin, joimJBC, and from JB as 
a centre^ with a radius ^£C» describe a cktle cutting JB4 in 
P, and A1& produced in p. Then the roots required will be 
AV and Af. 

— ' "' * 

and Ap^AB+Bp = AB + y/AW^^n^=p + ,,/^'^^. 

When p > m, the two roots are real and positive/ ana liiay 
fherefore be. constructed, since it is always, possible to place in 
a semi-circle a line m, which is less thantde cUameler'p. ' ,., 

Whenj9 = m, the rx>ots.are eachsj^^ a, circumstance which is 
indicated by .the construction^, for the linV itC b(§ibg;hbw;eij|ual 
to thp dian^eter JIB, the pojnt € falls on B;* the}r(btqre^SC^&, 
and the points P and ji coinciile whh £^^ ilie^i^M'AP'md 
Ap each equal AB. ' ^ ' T * - '^^ 

Wheti'p^ni) ttie roots are 'ims^ghiary, whidi may mo be in- 
ferred from the failure of the construction in this case, since a 
line greater than the diameter ^cannot hie inserted' itr a circle.' ' 

Lastly 9 when fit :=0, the two roots are P'^p or 0^ and p +/> 
or 2p; and in this case the points C and P coinciding with A, 

AP = 0, and Ap^9,p. 



angles to' A'B.'ix^ =-^-; joJa JBC; 'A* frotif' *^ fti =k' tr^tiiafe'; 
ways, in P and p. Thw AP. and; 4j»^ ^yjlkr^pres^ ,t)i6:^rm^, ^ 



tor :4i> « Bp<H^ft< a i^BA^i^JL^4^ BA m^pnim^^p, 
and :iP == il^:::W^V^* + AC*i^Bi;^ y/7W-p^ 

;. It i$ here st^cyefit Kc^asaign l^e ofko/irte' yaliie of-^^t^cpnd 
»wr4?i »M»c»:l:^ tfrecljon in ^rlficl^ it is ip^ur^^fraai 4^ 
detcrniines it to be negative relatively to jiP; an^th^efoff 
jiP will actually represent 

- {y/p^ ^-n^—p), or p - ^p^ + III*. 

11. A geometrical problem is said to be determinate or 
indeterminate, according as it admits of a finite or of an infinite 
number of solutions. 

For example^ if it be required to divide a given straight line 
into two such parts, that the rectangle contained by the whole 
line iind one of the parts, shall be equal to the square of the 
other part; this problem is determinate. 

If on the other hand, it were proposed to find a point such, 
that the lines drawn to it firoin the extremities of a given line, 
should form a right angle^ it is evident that there will be an in- 
definite number of such, points^ and that they will lie in the 
circumference of a semi-circk described upon the given line. 
Tliis problem, therefore^ is indeterminate. 

In like manner, the equation which is derived from translating 
the conditions of a problem into the language of Algebra, will 
be determinate or indeterminate, according to the nature of the 
proposed question. 

12. Of the two kinds of problems above specified, the first 
relates solely to the magnitude and position of geometrical^ 
quantities, whilst the secoqd extends to the consideration of 
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ANALYTICAL OXOMBTRY. 



their ^figure. It it probkms of the latter clast, tiiose^ nameij, 
that lead to indetenniiiate equatioDs, which form the most im- 
portant and .extensive department of Analytical Geometry. 

13* The JbUowingTreatiaefcdmdBtf into two Parts^ oonn^ 
ponding to plane and to solid Geometry. 



Part J^. ^19. which. the o^ects.of. invettiBi^aon mjaiippoaed 
to lie in the same ptane^, is efititled' Analytical Geometry of 
Two Dimensions. 

Paxt ll; in 'which the objects treated of are situated 
in different pTaft^i is entitled Analytical Geometry of Three 
Diiiiensions;' ■^. '- .' r: 
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SEGXIOli: h 



ON DITiamiTATE PBOMIMB. 



OIJAF. I. 

Preliminary Notions. 

• • • 

14. When a geometrical que«tioii is proppsed for tolulion, 
we conceive it to be already resolved^ and denote the known 
and the unknown lines by - oorrespondiiqf letters. We next 
Gomder alleiili¥/ely. the nat|ure;^d,coQditiond; of .the question, 
and. thence^ derive the ine^s. of exgireMipg^in two different ways, 
oiM^or other of ^tbe^ quantities. concjBrned* These two identical 
exiwesmns beiqg ^put equal to.pnf^,aa9ther>^ we obtain an equa- 
tion,* the root or soots of wlMcb>. vfhen ^found by , the ordinary 
rulea*of Algebn^ und-^then ,<K)ii8.tructed geometricdly, furnish 
the reqinred solution* - . : 

15. Particular attention must be paid to the selection of the 
unknown' qutmti^i as it ''iar upon th'ts, that the.simplicity and 
degadce of the'^soltttidn mainly ^depend.* ThefoHowing rule wilt 
serve, in general^ to guide us in our choice. ''When two or a^Mre 
of the quantities' sought produce eijuations exactly alike> tlm we 
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must reject both, and substitute in their place some other quan- 
tity, simibu-ly related to each, as their sum or difference, or the 
mean proportional between them/' The utility of this rule will 
be frequently exemplifie4 in the ^wo. foHpwing chapters. 

■ * . '*' ^ ' * , . • 

1 0. The process above described, for resolving any geometrical 

problem algebraically, is divisible into two parts^ of which the 

first coiMirts in HtMng MiT iptMtkm^r- AM^'il, Jb rMmMff k to an 

equation; the second, in exhibiting the root or roots of that 

equation, by geometrical construction. 

On these two parts we shall offer a few remarks. 

I. It isekiom happens tbtit' tUe^nvdiiotng equation can be ob- 
tained by merely expressing the conditions of the problem in 
algebraical language^r w-- •. ? :• ^. :; .? ' 

We must generally endeavour to discover such relations 
among the lines proposed, as^shall tkX, them most readily for 
computation. For this purpose, a familiar acquaintance with 
the Elements of Euclid is reauisHe.. ^ The following propo- 
sitions, in particular, are frequently serviceable in stating the 
question : 

(I) On the right-angled triangle, I. 47. 

(«) On the circle. III. 31, 35,36; 

(3) Qn siniilar triangles, VI. 4, 5, 6, 7i 3. 

IL ' 'From' the foregoing investigations it a|>pearii, that tbe^ 
simfffe^iind quadratic fiquations^ ' may always be constructed 
^bmetricuny; the'former by*-tlie intersiectiou of sfraight Kn«s; 
the latter by the intersection of (hit sti'aight line ted circte; 
The' converse of thrt, is iflrill afi^rw&rd^ be shewn; holds true;: 
naiiiely, dialt th^'stn%ht Ikie -and the cirele in Geometry, iBr« 
represented by the simple and the quadratic equation, re- 
spectively, in Algebra. 

■ ■ • • ^ ^ ■ 

Now such problems alone are accpunted purely geomjstricalj^ 
as can be resolved |iy means of the ru/eapd C(i«ppa5f, or, in 
other words^ by imeans^of the straight line anci circle. Con-; 
lequently, every prpblem of elementary €leome|ry ,jyiU .lead. 
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when expressed algebraically^ to a simple or a quadratic equation^ 
the root or roots of which may, therefore, be constructed by 
the methods above explained. 

We shall begin by resolving such problems^ as lead to simple 
equations. 
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CHAP. II. 



ON PROBLEMS WHOSE CONSTRUCTION DEPENDS UPON 
THAT OP A SIMPLE EQUATION. 

17. Prob. 1. It is required to place a straight line of 
given length between the sides of a right-angled triangle, so that 
it may be bisected by the hypotenuse. 

Let ABC (fig. 4.) be the triangle, MN the required Ime 
which is terminated by the sides in M and N, and bisected by 
the hypotenuse in P. 

Draw BP, and assuming it for the unknown quantity, let it 
equal x ; also let MN= m. 

Then, shice ABC is a right angle, it lies in a semi-circle, of 
which MN is the diameter. And as PM^PN by hypothesis, 
P is the centre of the semi-circle, and therefore PB=PM or 
PN; that is, t = ^m. Whence is derived the following 
construction. 

From P as a centre, with radius ^^tii, describe a circle 
cutting the hypotenuse in P, and make P3f, or FN = ^m: 
then MNP is the line required. 

If it were proposed to draw a straigLt line, lerminated by both 
sides produced and bisected by the hypotenuse, we should find, 
as abovej that PP' =^m, that is, P will be the Eecond point 
of intersection with the hypotenuse, of the circle described 
from B as a centre, with radius =^ni. 

The points P, P, therefore, will resolve the problem, when 
stated generally, as follows, " To place between the sides, or 
the sides produced, of a right-angled triangle, a straight line 
of given length, which shall be bisected by the hypotenuse. 

IS. Observation. As this question has f wo answers, it ought 
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when expressed algebraically^ to have led to a quadratic equa- 
tion ; and such would have been die case, if we had selected 
either J.P or BM for the unknown quantity. By assuming 
however for that quantity die line BP, winch has the same 
value in both cases of the problem^ we are enabled to reduce 
the equation to a simple one. Art. 15. 

19* Prob. S. To divide the base of a trif^igle injto two seg- 
ments, proportional to the ac|jacent sides. 

Let ABC (fig. 5.) be the triangle, AD, DBy the required 
s^fmenls. 

4lss|ime BDta^x, and let J^C a^/i, C4 ?f h^.AB » p^ 



"Pien by hypothesis, -^^ =t ~jj , or by jnibstitutioiii 



X a 



ac 



« • X ^"^ 



a+b 



Hence (x) is a jfourth proportional to a, c, and a + & ; und 
may thus be found* 

Make CE:=^€B^a, join JB, E and dra,w CD parallel to 
BE\ then BD b the viatlue of ar. 

_. BD EC a ^^ ac 

A similar investigation is applicable when the point is 3up' 
posed .to be in the base produced* 

Let ly be the point in this case, and assume jBjD'sb^o/; then 

Aiy AC 
Biy~€B' 

c 
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C + X b 



or 



x' a' 



, ac 

X ss 



» 

— a 



\vhich may be thus constructed. 

Make CKr=:CS = a, join B, Ef, and draw CD^ parallel to 
BEfy then BD' may be shewn, as before, to be the vialue of 3/. 

It is evident that the vertical angle of the triangle ia bisected 
by CDy and the supplement of that angle by CD' : hence, con- 
versely, ^^ the two straight lines which bisect the vertical angle 
and its supplement in any triangle, divide the base and the base 
produced into segments, which are proportional to the a^acent 
sides of the triangle." 

20. Cor. The Jine Aiy i»- divided harmonically in the 
points D and B. 

^ AD' AD . ■ AC 

.-. Ati' : AD :: DfB : DB 

:: AD-AB : AB^AD; 

that is, ^^ the first is to the third as the difference between the 
first and second is to that between the second and third/' which 
is the property of harmonic progression. 

The base AB is therefore an harmonic mean between AD 
and AD^. 

21. Prob. 3. In either side of a given triangle, to find a 
pointy whence if a straight line be drawn parallel to the base, 
and terminated by the other side, it may be of given length. 

Let ABC9 fig. 6., be the triangle, and supposing the problem 
resolved^ let M be the required pointy and MN tlie line which 
is to be equal to a given line (m)* 
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Assume AM for the uDknown quantity, apd let it = x^ and 
also let ^C = 6^ AJ5 = c. 

Then by similar triangles^ 'r^ = 7^77 , 

• • • ■ . 

or substituting for these ratios their numerical values 

cm 
h ft — x' 

.•. a: = - {c^m). 
c 

Whence it appears that (x) is a fourth proportional to bfCm^ 
and c. The point ilf may therefore be determined by the follow- 
ing construction : 

InBA toke BQ^m^ through Q draw QM parallel to BC, 
meeting ilC in M\ then M is the point required. 

AM AC b 



For 



AQ AB '^ c 



.'. ililf = - .AQ, = - (c— m), 

c ^ / 

as it ought to be. '^ 

As long 2ls c > m, the value of {x) remains positive, and may 
be assigned by the construction just given. 

If m=c, then the point M coincides with A^ and x^O. 

If m > c, then the value of (x) becomes negative. 

.*. x= ,{m'-c). 

In order to interpret this expression, we shall resume the 
equation 

cm 
and since x is now negative^ the equation becomes 



c in _ , b 

b b+x c 

but & + ^ reproaenfs here the siim of two lines; which it could 
not do unless the point required be situated in CA produced, 
that isj in i ^ectibri contrary to that in which it #ti8 lirM 
measured. 

To construct the resulting value of x, that is, ^ *- (m — c)« 

c 

In BA produced take BC( = m^ through Q draw Q[M* pa- 
rallel to CJB, meeting CA produced in M' \ then^ if Jf'N'M 
drawn pahillel to AB, it will be the line requkred* 

From what has been said it appears, that the prol)lem9 ^ 
stated geoinetrfeaillyy id liinited to the particular cftse id which 
m < c\ and that the nlgebrtlie tolation enables us toi get|eralifl0 
the enunciation as follows: — -^^In either of two lines containing 
a given angle, to find a point such, that a straight line drawn 
through it in a given direction, and terminated by the other line^ 
ipay be of given magnitude/' 

22. The negative, value of {x) is introduced into the above 
solution by our having arbitrarily assumed the point M to l!^ 
above, rather. than below the point il^ which implied that m 
should be less than Cp The difference of sign, therefore^ id 
the value of x dierely indicates^ that when our hypothesis is 
shifted by {ni) becoming >c, there will be a corresponding change 
in the position of Mj which must now he measured in the 
contrary direction. 

• 

If we had selected CM for the unknown quantity, its value 
would always remain positive; since it is measured in the 
same direction from C whatever be the magnitude of m. 

For example^ if CM'=:x', then 

CM^_CA_ b ._b 

M'N" AB^V •*• ""■" c"^' 
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ADVERTISEMENT. 



The following Work was undertaken with a view 
of illustrating the importance of Analytical Geometry, 
as a Method of Investigation. The Author was 
further encouraged in t^e prosecution of the design 
thus commenced, hy the hope of heing able to treat 
some parts of the subject in a simpler manner than 
had been previously done. How far he may have 
succeeded in this secondary object^ it must be left 
to others to decide ; his principal end, however^ will 
have been attained, if his. Work shall be the means 
of attracting the attention of the Student to a branch 
of Science, which is of extensive utility in the higher 
departments of Mathematics. 

Trin. Coll. , 

April %^, 1826* 
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iinbiown quantilEy, a line which liai not both a pmiiive and a 
negative value. If^ however, DP be taken eqiuil jp, then it is 
evident that for each point P, P' to the right, there will be a 
corresponding point to the left, of !>• The equation will^ in 

fi A* — II* #1* 

ihis case, be x* + jr*3=i*m* — -r;, which has /btir 

£ 16 "^ 

roots, two of which are equaji |q magnitude, but affected with 

different signs. 

28. Prob. 5, Two points Aj By (fig. 15.) being given on 
m Kne of indefinite length, to find a third point P, lueh that 
AB.PB AuXL^ AP", 

Let the dist^ce of tiie required point from A^x,' and 
AB^a. 

Then hj hypothesis, AB . PJ5 = ilP*, 

or a(a—ar)a«ap*. •••••• .(1); 



-liN/e^l)- 



Of these roots the one is positive and < a; the other is 
negative, and in absolute magnitude > a : the former therefore 
resolves the problem, when P is supposed to lie between A 
and jB. 

We are now to consider the meaniiig of the negative root. 

' On referring to equation (1), it will be observed that we 
hiite assumed J3P=s a — j:, thus restricting the problem to the 
case in which P falls between A and B, But in order to 
express the conditions of Uie question generally, we shall now 
auppose the point sought to lie without AB, either to th^ left 
of il, or to the right of B* 

Iftt. Let the point P^ be situated to the left of A : then 
JBP^a + ^; making this substitution in (1), and resolving the 
equation/ we have 



-|±v/(.-+i) 
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Hefe the positm root «= AP^ and is equal in magnitude to 
die negative root alr^y found. The two roots dierefore of the 
original equation determine two points P^ P^ situated an op- 
posite niesof A, KrUeh^ resolve the praMem. 

2nd. Next, 8U{i|>ose that die point required is to the right 
of il as at P^', then £1^=1*— a ; therefore^ substituting in (1)^ 
we have a(x'-a)saj^^ 

a a / 

whence jr«= - ± r n/ -"3> 

9 2 

luAiich is imaginary ; therefore, no point situated to the right of 
B, can satisfy the conditions. His indeed is evident from 
merely JQspecting the equation AB^BP^^jAP^, for since AB 
and BP" are each less thin AP\ it is plain that AB. BP'f 
cannot =bAP"\ 



From this example we perceive^ that the impossibility of a 
fMblom is not netMsHuily to be infernedy from the vaiiie of the 
tanknow* qiiantiigr b^in; imaginary. In the present kslalkh, 
the imaginary solutiqu, merely implies that the conditions of the 
question are irreconcileable with the supposition that the point 
F^ is situated to t!fae tight of B. 

Observation. If we assume for the unknofm quantity, the 
distance of the required point from some point M, taken ait 
pleasure, to the left of A and beyond P\ we shall then obtain 
an equation of which both roots will be positive. 

Thus, let MP the distance sought ^x, and MA^bi then 

AP = x-b, and BP^a + b-^x; 

therefore, substituting these values in the equation 

AB.BP^AP", 
we have 

<« (a+A— jr)sB(j: — ft)*; 

/. x'— (2A — fl)x = «*+a6-6^; 
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Now the point JIf beiiq; beyond P^ AM>AP'; that if, 

•■•'-|>v/(«-+0' 

therefore the two values of (x) above deduced are necessarily 
.positive, and therefore MP, MP^, are measured in the same 
direction from the point ilf • 

39* Pbob. 6. Through a given points, (fig. 16.) equi- 
distant from two lines CX, CY, of known inclina^^^ 4o^ ^aw 
a straight line, such that the part PQ, intercepted l^ttiese' fines, 
may be of given length (m). 

Sapposing the problem resolved^ draw Pilf, makiiig tfatf iangle 
APMss ACQf and meeting AC in the point M; and draw AB 
parallel to CX. 

Let AC^a, AB = bj and assume for the unknown quantity x, 
the distance of M from the middle point O of AC; therefore 

AM will equal ar + - , and CM sc a* — - . 

Then the triangle AMP being similar to each of the triangles 
JCQ, MCP, we have 

AM MP . _ _ _ _^ _ _^, 
MP^MC'''^^'^^^^^ ^^^ 

, MP CQ ,-_, PA.CQ BC.PQ 
this value of MP being substituted in (1), 

AM .MC = —r.. PQ\ 

LA 
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Ta)ce^ jtberefore^ OM equal to die positive valu^ of x, from 

ilf as a centre, with radius MP ss --m describe a circle cutting 

a 

CXj CY in the points P, j, then drawing AP, Aq, the intei- 

cepted portions PQ, pq, will be each equal to the line required. 

The negative value of x results from our having assumed the 

point M to the left, rather than to the right of O: so that MC 

a , 

= x — - ; but if If be supposed, agreeably to the general 

conditions of the question, to lie to the right of O, then MC will 

equal jr H — : hence it is evident, as in the examples already 

considered, that OM' (fig. 17*) will represent the negative value 
of X, 

From M\ therefore^ as a centre, with radius equal - m, 

describe a circle cutting CX, CY in the points P', 7', then 
drawing ilP', Aq\ and producing them to meet AY^ AX in 
*Q!y p\ the lines dP*, qp will each be equal to m. 

Cor. When CJT, CY are at right angles to one another, 
then a* = 2&*; 

{Universal Arithmetic^ p. 125, Prob. 24.) 

Observation. The above problem admits, nominally, of ybur 
solutions ; but as two points P, />, are determined by the po* 
sitive, and the other two P', p' by the negative value of x^ the 
number of independent solutions is reduced to two. 

We may adduce this as a favourable example of the ad- 
vantage derived frOm selecting, for the unknown quantity, a line 

E 
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that shall undergo the fewest possible changes in the various 
positions of the figure. 

If either CP or Cq had been represented by x, then x would 
have been positive for P or q, and negative for p or Q: there- 
fore, in both casesj the resulting equation would have been of 
the fourth degree. But if OM or AM be assumed for the 
unknown quantity, then each remains the same in magnitude 
as well as position for both points P,p: the resulting equation 
will thus be reduced to the second degree. 

It may be added, that OM was chosen in preference to AM, 
because the former leads to a pure, and the latter to an adfected 
quadratic. 

30. PROB. 7. Given the chords of two arcs, lo find the 
chord of their sum or difference. 

(0 To find the chord of their sum. 

Let AC, CB, (fig- 18.) be the given chords of the two 
corresponding arcs, and AB the chord of their sum. Assume 
BC = a, CA = b, AB = c, and the radius of the circle = r. 

Through the point C, draw the diameter CP, and joia PA, 
PB. 

Then, since CAPB is a quadrilateral figure inscribed in a 
circle, we have 

AB.CP = AC.BP + AP.SC, 
which equation becomes, by substitution, 

c.ir=b.BP + a.AP, 
but, CP being the diameter, 



BP = ,JCP'-Ba= v/(4r'-o'), 
and j4i*= V'C+r' — i'); therefore substituting, and dividing bj 
2r, we have 

c« P l/(4r'-a*) +;f t/(4T-'-i") (1). 
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(2) To find the chgrd of iheir difference. 
In this case, we have given (b) and (t), (fig. 19) to find (a). 
Through the point A, therefore, draw the diameter APi 
then, as before, 

JB.CP = AC.PB + AP.CB, 
or, c V*(4r' — A') = i V'(4r*- c') + 2r . o; 



-- •(4r' 



6')- 



8r 



c').. 



.(«). 



Scholium. Tbe principles which serve to determine the 
signification of the negative sign, may be collected from a revievr 
of the foregoing Propositions. 

In the statement of a geometrical question, the unknown letter 
(x) is always understood to represent an absolute guantity. 
AVhen the solution therefore assigns a negative value to x, we 
infer, either that the negative root has no geometrical signifi- 
cation, or that it results from our having only partially expressed 
(he conditions of the question. 

(1) The nature of the problem will enable us to ascertain in 
wfaat cases the negative root is to be considered as having no 
geometrical signification. Thus, in a plane triangle, if p be the 
perpendicular dropped from any angle C, upon the opposite 
■ side c, then 



-(a* + b* + c*)}. 



Ch. i*. Prob. 2. 

According to this formula, the perpendicular has two values, 
the one positive, the other negative, which is absurd. We 
-retain, therefore, only the former, and reject the latter, as being 
altogether symholical. 

(2) The negative root, when it is significant, may be made 
to disappear, and a positive value of the unknown quantity 
obtained, by modifying, in a suitable manner, the statement of 
the question. 

In all cases, however, where the unknown quantity represents 
I the distance between two points, one of which tsfiit. estimated 
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along a line given in posttion, the process just mentioned is 
unnecessary, and the n^g^tiye root may be directly interpreted 
by the following rule : ** if the positive values of the unknown 
quantity be measured i^ either direction from the fixt point, the 
negative values are to be measured in the oippodte direction from 
the same point." 



CHAP. IV. 



ON THB APPLICATION OF TRI60N0MBTRY TO THE 
SOLUTION OF OEOMETRICAL PROBLEMS. 

'< • 

We shall begin by establishing the fundamental formula of 
Plane Trigonometry. 

31. Prob. !• Let A and B be any two angles, to prove 
that _ . 

sin (A + B)^ sin A cos J5+cos A sin B, 

Let the angles at the base of thd triangle ABC represent the 
given angles ; and let BC ^ a; CJ = h and AB^ c/lhei 'di^li- 
ping the perpendicular CD, we have 

AB^AD + DB:=AC cos ii + JBC cos JB, 

or c=sb cos A + a cos J5; 

b a . 

.'• 1 = - cos J. + - cos JB 
c c 

sm JB . sin ii _. 

= -r— 7; . cos il -I- -. — - • cos B, 
sm C sm C 

» » * - , - 

because the sines of the angles are as the opposite sides. 
Butsmccil+B-I-C = 7r, sinC=ssin{7r-(il-l-jB)} =sin<4-HjB); 
.*. sin (ilHh-B) = sin^ cos J3 + co3 A sin 6. 
Hence are immediately deducible the expressions for 
sin {A — JB) and cos {A ± JB). 
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Note. The formula expressing the value of sin (A + B), may 
be derived in a very simple manner from Prop. 7. Chap. iii. 

32. Prob. 2. The three sides of a plane triangle being 
given, to find the perpendicular dropped from any one of the 
angular points on the opposite side. 

Let A, B, C denote the angles, and a, b, c the opposite 
sides respectively. Then if (p) be the perpendicular dropped 
from C upon c, we have 

/ = il(?sin*ii 
= 6'(l-cos*il) 

= -i,{4ftV-(A»+c*-a7}; 
4c 

hence^ expanding the trinomial within the bracket, reducing the 
expression^ and extracting the square root^ we have ' 

2c 

CoR. 1. The sine of any one of the angles^ and the area of 
the triangle^ may therefore be expressed as a symmetrical func- 
tion of the sides. 

Cor. 2. The area of the triangle 

Now, the quantity under 'the radical being the difference of 
two squares 

= (b+c + a){b + c-a){a+b-c){a~b + c); 
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if therefore. — '• — '■ be assumed = s, 

2 
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the area will = V« (« — a) (« — 6) (« — c). 

In order that this quantity may be real^ s — - a, 5 — 6^ ^ 
8^c, must be all of them positive^ or one must be positive, 
and the other two negative. But^ «— a, 9-- b, cannot both be 
negative, for in that case 25, would <a+b, which is impossible. 
It follows therefore that all three must be positive: hence, 
5>a, 8>bf and s>c, or, substituting for s its value, b+c>ay 
a+c>bf and a'\rb>c, which are the essential conditions of a 
triangle, that any two of its sides must be together greater than 
the third. 

Pros. S. To find a point in the circumference of a circle, 
such that the lines drawn to it from the extremities of a given 
chord, may have a ^ven ratio. 

Let AB be the given chord, and P the point required, (fig. 20.) 

PB 
Take JB^a, -^-r =wi, ilP=x, and z APB^a. 

Mr A 

Then ^B*=.iP'+-PB*-2.iP.PJB.cosP...(l); 

therefore, by substitution, tf* = z* + m*x* — 2wij:^ cosa; 

a 
y\\ — 2m cosa + m J 

The positive value of x determines the point P; the negative 
has no meaning whatever. 

The question, however, has two solutions : but, in order to 
obtain the second, we must extend the hypothesis from which 
equation (1) was derived. 

In that equation we supposed the point P to be situated 
above ABf but as it may equally be situated below JB^ cos P' 
will, in this case, = cos (tf — a) = — cos a ; 

.\ AP" will = + 



• {H-2mcosa-hi»'} * 
in which the negative root, as* before, is without meaning. 
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The two solutions^ therefore, of the problem, are compre- 
hended in the formula 



a 



\^{\±2m cos a+w*} * 

Observation. These two solutions may be obtained by means 
of a simple equation, if we assume for the unknown quantity 
the angle ABP. 

Let therefore ABP^Kf^^ then PiljB = 7r — (a + 0). 

^, FB sinPilB 8in(a + 0) 

PA sm PBA sm <p 

sin a cos 0+cos a sin 
sin ' 

.*• 772 s sin a cot + cos a ; 

. »» — cos a 

.*. cot o = : . 

' sm a 

In like manner, if P be supposed, to be hel<m AB, 

m + cos a 



cot (f> = 



sin a 



therefore^ both solutions are comprehended in the formula 

m + cos a 



cot (f> = 



sm a 



33». Pros. 4.' In a plane triangle, given the perpendiculars 
dropped from the angular points on the opposite sides, to find 
the angles and the sides. 

Let the perpendiculars dropped from Ay B, C upon a, b, Cp 
be denoted by a, )3, 7, respectively. 

Then 2 area of the triangle = a x a = bx )3 = c x 7 ; 

_ a a 

^ 7 
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•• • 

4 

Now cos A = — i ; therefore substituting for b, c 

2 6c 



their values just fouudj 



3 C 

__ P 7 



cos J. = 2 

2aV 



^7 
£7^ 2/3 2a* ^ 



In like maimer. 



a •/ a^ . 



41 ^^ "A^ /Q\ 

cos C = ;7^ •!• 7; — "" "X — «• • • • • •W/« 



2)3 2a 27 
Hie angles are therefore known. 

Again, 

2 area = a& sin C=»6 x j3: .'• a= -: — rz : 

sm C 



In like manner, b = -: — 7;- , and c= t 



sin C ^ sin ^ * 

therefore the sides are known. 

. ■ , • . , . 

34. Pro 6. 5. Given the base, the vertical angle, and the 

sum or the difference of the sides, to find the dides. 

1* Let the sum of the. sides be given. 
Let iiC-HBC = 2w, ^C-J5C=2^;. . 

.*. jiC = m + x, jBC.ssw — X. 



'^9 AtiAttTtCAC esdMtttiT. 

Nov JB'z^AC*+BC*'^9AC.:BCcoaCr 

therefore by supstitutidiii, 

Vv 

C C 

^ 2W* . Siil^ -r + 2Jr\ 2 cos* - 



= 4 cos* -; Tm* tan* -j- + x* J ; 



c* 



• • 



X = — sec' iw tan — ; 

4 2 2 ' 



/. j: = + V i- sec* m tan*-> . 

- ▼" l4 2 2> 



The sid^s are therefore 



m 



m 



— V 1 " sec* w* tan* --f • 

^ U 2 2) 



The solution is similar when the difference of the sides is 
given. 

The utility of the rule laid down in Art. 15. is here exemplified,, 
the operation being considerably abridged by our havfbg selected 
for the unknown quantities the difference of the sides, 

35. PrOb. 6. Given the base^ the vertical angle, and the' 
perpendicular dropped from it upon the base, to find the sides. 

Bisect AB in D, and let the angles into which the perpen- 
dicular CP divides the vertical angle be denoted Iiy o, {i. 

Let DP=:r, PC=p, 
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^ ^ ^. tan a -f tan /3 

then tanCsgtan(tt + p)=s ■■ ■ ^ . 

1— tana.tanp 

c c 

Now tan «= rrr = > and tan/3= 

PC p '^ V 

therefore by substitution, 

1 /c . c \ 

tan Css ^- 

>-?(i+v(i-') 
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^* - P^ — 



/• p' +x*s= ^ =pc. cot C; 

4 tan C 



•ft 



.2 C 



.'. a:*= pc cot C'-f + "; 5 

4 

•'. ^r= ± \/|pccotC-p^+ —"j; 

/. AP= - ± \/|pc cot C—p*+ -[ ==c', suppose; 

.-. AC^ x/(ilP'+PC*) = V(c'*+p^), 

and therefore is known ; and in like manner^ J5C is known. 

A similar method of solution is applicable to the following 
problem. 

Given the vertical ^ngle and the segments of the base made 
by a perpendicular dropped from that angle ; to find the sides. 

36. Phob. 7* Given the difference of the angles at the 
base, the biise and the perpendicular, to find the sides. 

Let Q be the given difference, and DP^sXy 
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then tan d = tan (-i - B) =* ■■ =r ; 

1+tanil.tan JB' 

now tan ^=: -^r-: = — - — , and tan JB= 

PA c . c 

— y-x X 

P P 



,.tan0=i^±^ ^^-" -'^" 



c • . .4 

- —a: 

4 



/. tan |p*+ ^ x^y = — Spa:; 

.'. JT — Spa* cot0=p H . 

this quadratic being solved^ 

x=p cot0± \/ |p* cosec* © + — [ ; 

hence AC= \/{Q + ^) .+p'} ; 

and BC=-\/[(^-x)\p'\ 

are known. 

37- Pros. 8. Given the angles of a triangle^ and the 
perpendiculars dropped on the sides from a given point within 
or without the triangle, to find the sides. 

Let Q be the given pointy (fig. 21.) Qa, Qfi, Q7, the per- 
pendiculars^ and let these perpendiculars be denoted respectively 

then area of the triangle = ilQB + ilQC ± BQC, 
according as Q is within or without the triangle ; 
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•'. ^be sin J. = i [cy + bfi ± aa} (l). 

T., b sin JB , sin B , sin C 

JNow - = -: — -; /, 6 = a -: — 7 , and c = a -. — 7; 

a sin jf sin J. sm A 

therefore by substitution in (1), 

a* sin £ sin C f sin C . ^ sin B 



sin A 

• a 



{sin C . ^ sin B 1 
sin A sin A ^ 



sin A 



{7 sin C + j3 sin JB + a sin il } ; 



.'. a = -1 — 5—: — -p; {y sin C + j3 sin jB± a sin <4}. 
sm Ji sin C 

In like manner 

b = -: -— : — ~ iy sin C+ a sin J. + )3 sin jB}. 

sm ^ sm C ^ "" ' 

c = -: — ' — : — =r {a sin -4 + /3 sin J3 + 'v sin CI . 
sm il sin JD "* • ^ 

Whence the sides are determined. 

Cor. When the point Q is equidistant from the sides^ it 
becomes the centre of the circle that touches the sides inter- 
nally or externally. Hence^ if (r) be the radius of the inscribed 
circle, 

area area , . ' , , , . 

^ = 1 . _^ I, , X = 3 « bemg put = f (a + 6 + c). 

In like manner^ it immediately follows from equation (iX that 
if Tj r'\ r '' be the radii of the circles that touch the sides ex- 
ternally. 

, area ,, area „, area 
r = , r'= J-, r' =- . 

■ 1 

Hence^ multiplying the four radii together, we have 
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t.'^.t^t"'^ 



5 (5 — fl) (« — A) (« — c)' 
but s («-^tf) (* — ft) («— c) = (area)*; 
.•;r.r'.r"./" = (area)». 

38, Pros. 9. Given the three sides of a triangle, to find 
the radius of the circumscribed circle. 

Let O (fig. 22.) be the centre, drop the perpendicular OH on 
ilJB^ which willy therefore, be bisected in D. 

Assume ilO = /?. 

™ A.B c c 

sm AOP 2 sm ilOD 2 sm C 

Now sin C = r— ; therefore by substitution in (1). 

ah 

R^- (2), 

area 

or substituting for the area its value deduced from Cor. 1. 
Prop. 2. 

±abc ^^ . 

^ ■" l/{2aV-+- 2aV +26V-(a*+6*+ c')} ' ' ^ ^' 
the positive sign alone is to be used^ (Schol. Ch. iii.) 
CoK. 1. By the corollary to the last Proposition, 

2 area = r (aT -h 6 -f c), and from equation (2), 

abc 

2 area = ; 

2JI 

abc 
.*. Rr = 



2 (« -h 6 -h c) ' 

Cor. 2. It appears from equation (1) in the above Propo- 
sition^ that -: — j; = 2j?. Hence, in a plane triangle, the 
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constant ratio which any side bears to the sine of the opposite 
angle is that of the diameter of the circumscribing circle to 
unity. 

39* Prop. 10. To find the distance between the centres 
of the inscribed and circumscribed circles. 

In any triangle ABCy conceive r to be the centre of the in- 
scribed^ jR that of the circumscribed c'u-cle ; let JtR s M, and 
assume the distance jRr = £. 

Then in the triangle RJrj 

jBr*=ilJB* + ^r*-2iljB . Ar cos RAr, 

but ilr=— ^, and / jBuir = ^ (jB'^O ; 



sm — 
2 



. ^ A 
sin — sm — 



— j.cos|(fi-0, 

in — 
2 2 



if B be supposed > C; therefore multiplying out, transposing, 
and observing that 

sin — = cos ^ (fi + C), 

*< 

■we have (5»-B') sin'- = t^-2Rr cos i(B-C) cos |(B+C), 

A 

or, since 1 — cos A = 2 sin* — . 

and cos jB + cos C = 2 cos -^ (jB+ C) cos ^ (B— C), 

f (5*-U«) (1 -cos A)^r''-Rr (cos JB + cos O (1). 

In like manner, 

f (5'-U')(l-cos JS) = r'-lir(cosil + cos O (2); 

therefore subtracting (2) from (l), 

(5* - B*) (cos jB- cos ^) = 2rB (cos J-cos JB), 

or 5« = B*-2rfi. 
Whence the distance required is known. 
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40. Pros. 1 1. Given the sides of a quadrilateral figure in- 
scribed in a circle, to find the angles and the diagonals. 

Conceive ABCD to be the given quadrilateral, and let 

AB = a, BC-b, CD^^c, DA = d, BD = m, AC = n. 

(1) To find the angles 

In the triangle ABC, n^ = a^ + b^'-2ab cos JB, 
and in ADC^ n^=^c^ +d^ -^cd cos D 

= c* + (f + 2cdcos B; 
since cos D = cos (tf — J5) = — cos B ; 

therefore eliminating n , cos jB = - 



therefore 1 +cos jB = 1 + 



2(ab + cd) 



9,(ab + cd) 
^ {a + bf-{c-d[f 

_ {fl + 6-fc — d} {g + ft + d— c} 
" ^{ab + cd) ' 

assume s = j(a + 6 + c+d), 

then 1 +COS JS = , , , (« — c) («— d) >(1). 

ab + cd 

2 
Similarly, 1 - cos JB = ^^ (« - a) (s- 6) (2) ; 

.-. sin J5 = t/(l +COS jB) (1 - cos jB) 

ab + cd 
In like manner, 

sinil = — TTT- 1^{(«-a)(«-*)(«"-c)(5-e0}, 

hence, the angles are determined. 

(2) Next^ to find the diagonals. , 

The value of cos B being substituted in the expression for 
«* already deduced, we have 
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ti'=<* + d' + icd. 



8(a6 + ed) 



« 

(ac -h bdXad-^ 6c); 



(a&+ cd) 



.•. II = ± \/ ; — ^ — ; ■— . In like manner^ 

^ (^b + ca 

^ aa + 6c 



^ • 



The diagonals are> therefore, known. . . 

Cob. 1. The area of die quadrilaiteral = § (a6 + cd) sin B, 

and, th^efofe^ = l/(*— a) (*- 6)(»-c) (*— d)i 
Cor* 2. From the second part of the Proposition, 

mxn^ \/{ac + bd) X %^(ac •¥ bd):xac + bd; 

that IS, the rectangle contained by the diagonals is equal to the 
9um of the rectangles contained by the opposite sides ; also 

m _ A / (^^ "^ ^^ (ad+bc) / ad + bc 

w"^ a6-hcd ^^ (ab + cd)iac + bd) 

ad + be 

ii6 + cd* 

*■■*•. 

0iat is, the two diagonals are to eachdher as the sums of the 

^tangles contained by the sides that meet at their, extremities. 
L^endre III. S3. 

Cob. S. If (r) be the radios of die drcumseribed circle, tlien, 

lS8.) 



r 



— ^ _ / (flc + bd)(ad + 6c)Xa6 -f cd) 
"■28inD""V (5-a)(«-6)(*-c)(5-d) * 



G 



iC. 
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41. Theorem: l. In every polygon, any one of the sides is 
equal to the sum of ti|e others, multipKed each by the corine of 
the angle which it forms with the first. 

> ■ 

Let ABCDE, (fig. 23.) represent any polygon. Assume 
A£s=a, AB^b, BC-c, CD-d, DE^f, and let the angle 
contained by (a) afid (b) b^.d^igmited the an^ a,b, &c.; 
required to prove that 

a=sb cos a, b -h c eos «ij e + d c6b c^d • • • • 

From B, C, D drop the perpendiculars Bm, Cn, Dp on AE, 

then JE = Jm -f mfi+np +pE . . ? . (1), 

but Am = AB cos BAE^b cos a, b, and so on ; therefore by 
substitution, 

f;s=fe co» d, 4+iC c!p« a, f+d[ i?os a, d4fV .. ; 

Cor. Multiplying the a|idve equation by (oX ite hnre 
a^=ra6.cosa. b-^ac cos a. c + ac^ cosa^ ii.*« 

similarly, b'^ssba cos b^a +bc cos 6, c-h^(2 cos b, d, 

c^zsca cos c, a + c 6 cos c, 6 + c d cos c, rf, 

cP =5 rfa cos d[, a + dbco8 d^b + dc cos rf^^ c, &c« ^ 

.'. subtracting the last three lines from the first, and transposing, 
we have 

li' = y + c* + d*+...— 2{6c cos 6, c + ft^itcosft, d4-...}. 

that is, "m any polygon, the square of any we i^ ike sides is 
equal to the sum of the squares of the other sides, diminished by 
t$ice the turn of the triangles under ewry two of these sides, 
and ihetosine of the contained angle.** 

Note. When d, &c. a 0, the polygon becomes a triangle, 
and we obtain tine well known .formula 

a^rsfc^-fc' — 2ftc cos ft, c. 

42. Theorem 2. The area oT any polygon is equal to half 
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the sum of the rectangles under every two of its sides^ omitting 
one, and the sine of the contained angle. 

Let us take, for example^ the pentagon ABCDE. 

Produce CJS^ ^A^ (fig. 24.) to meet in ill, and join C, £. 

Let AM=fny BM^n. 

Then the area of the figure = Jlf£C+£jDC- AJBJU. 

Now MEC- ilBJf=|8in JIf {(a + m) (c + n)-»in} 

ssjsin Jf {ac + flw + wic}; 
therefore area = jsin M \ac-\-an'\-mc\ + ^de sin ^,6 ...(1). 

T^nf « - A ™ ^> ^ o«^ « - A sinM 

JBut m =: — : — rr: , aUG II = O — : — TT" ; 

sm M sm iif 

therefore substituting in (1), and observing that sin ilf =sina, c^ 
we have 

area = f {aft sin a^ 6 + &c sin 6^ c + ac sin a,C'\'desm d,e\. 

The same may in like manner be proved true of any polygon. 
(JUimUery Polygonometrie, Ch. i. §. viii.) 



SECTION IL 



ON THE STRAIGHT UNE AND CIRCLE. 



CHAP. I. 

PRELIMINARY PRINCIPLES. 

i 

43. In any indeterminate equation between two variables^ 
the value of either of them can only be determined by assigning 
an arbitrary value to the other. For example^ in the equation 

f 

Suppose x = 0, then y = 2, 

and so on ; the number of solutions being evidently unlimited. 

44. The various solutions of any indeterminate equation may 
be represented geometrically, as follows. 

Jjetf(Xyy) be any indeterminate equation between x and v> 
{a) an assumed value of j*^ and (b) the resulting value ofy. 

Draw two lines AXy AY^ of indefinite length, and known 
inclination^ intersecting each other in A (fig. 25.). In jfX 
take AMssa, and in AY, take AN=b, through M, N, draw 
MPy NP parallel to AY, AX, meeting in P; then, the point 
P corresponds to the analytical solution of the proposed equa- 
tion. 

Since the equation admits an unlimited number of solutions^ 
the points P, furnished by each solution, will also be infinite 



I 



I 
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a number ; the asaemblsge of these points will form, therefore, 
« certain line, straight or curved, which is called the locus of 
the equation f{i,y) =0. 

45. Of ihe two quantities a and b, which represent AM 
and MP, the former is called the abscisia, the latter, the 
ordinate of ihe given point P: the^ are both comprehended 
under the general name of the co-ordinatei of that point. 

The lines AX, AY, are called the axes, and the point A the 
origin, of the co-ordinates ; the inclination of the axes being 
altogether arbitrary, it is frequently convenient to suppose them 
at right angles to each other; in this case, the axes and tlie 
co-ordinates are said to be rectangular. 

When the point is not given, its co-ordinates are expressed 
by the unknown tetters x and y, of which the former denotes 
an abscissa measured along AX, the latter an ordinate measured 
along AY: for the sake of brevity, AX will in future be dti- 
nominated the axis of j, and AY the axis of y. 

If the point be situated on the axis of j^, then y = 0, if on 
the axis of y, then x = 0, and if it coincide with the origin, 
then X and y both = 0. 

46. Since {x) is measured from a fixt point A, along a line 
■AX given in position, if the values of i to the right of A be 
supposed positive, those to the left of A must be considered 
negative. For a similar reason, if the values of (y), measured 
along AY be positive, those in the direction AY' must be recb- 

itotaed negative. Schol. Chap. 3. Sect. I. The signs with which 
tfandy are affected, will therefore enable us to determine in 
which of the four angles formed by the intersection of the axes, 
the point P is situated : thus, (fig. 26.) 

+ a, y=+b characterizea the point P, 

+ a, y=-b P*. 

hi P", 
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47 • Let US now suppose a cunre to be traced upon a plane; 
then, reversii^ the process by which the locus of a given equa- 
tion is described^ we may deduce, from some known, property 
of the curve, the relation subsisting between the co-ordinates of 
any one of its points. The equation which expresses this re- 
lation, supposing it to be the same for every assumed pointy is 
called the equation to the curve. 

48. There is yet another method of determining analytically 
the position of a point upon a plane. 

Let P (fig. 125.) be the pomt, join A, P; and assume 

AP=zr, aPAX^w, and ^YAX=^a. 

Then, in the triangle JMP, 

AM sin APM _ sin PAY ^ sin (a^w) ^ 
AP ■" sin AMP " sm TAX " sin a ' 

sin (a — w) 



therefore x = r 



sm a 



sm w 

Similarly, v = r -. . . 

sin a 

Consequently, since x and y may be expressed in terms of r 
and w, these latter quantities will serve to fix the position of P. 
When this mode of defining a point is employed, A is called 
the poky AP the radius vector ^ and r and to polar co-ordinates; 
and the equation which expresses the relation between these co* 
ordinates at any point of a curve, is called the polar equation to 
the curve. 



CHAP. IL 



ON THB EQUATION TO THB STRAIGHT LINE. 

49* Pros. 1. To find the locus of the equation of the first 
degree. 

The general form of this equation is Ay + Bx + C = 0, 

JB C , B C 

or y= -2^""l' ^"^®' ^^^"^ ^A' ^"^ ""7' 

the equation becomes t/ = ax+b. 

Now let J7 = 0, then y = 6, 

b 
a 

In AF (fig. 27.) take AB=^b, and in X A produced, ilC=- , 

a 

join C, Bj then the straight line CBZ is the locus required. 

For in BZ take any point P, draw PJIf parallel to AY, and 
JBQ parallel to AX^ meeting MP in Q. 

Let ililf =j:, MP=y. 

Then y=:3fP = ilfQ+QP 

= 6+QP (1). 

But, the triangles PQB, BAC being similar^ 

PQ _ BA _ 
QB" AC - ••^' 

/. PQ = a.QB = ax. 

Hence^ substituting in (1) this value of PQy there results 

y^iax + b. ^ 
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The same relation may be shewn to subsist between the co- 
ordinates of any other assumed point in the line. Wherefore 
CBZ is the locus required. 

Cor. ]. Conversely^ the equation to any straight line is 

CoR. 2. The constant quantity a, denotes the ratio of the 
ordinate to the abscissa, and may be expressed in terms of the 
angles which the straight line forms with the axes. 

Thus^ let the straight line be represented by p, and its in- 
clination to the axes of x and y, by the symbols of p, x and />> y ; 

BA sin BCA ^ sin /», x 



then a = 



AC sin ABC sin p^y 



sm p,x^ 
.-. yt=z , ^' x-^b. 
sm p, y 

When the axes are rectangular, 

sin pty =^ cos p^ X ; 
•*• a = tan p, x. 

CoR. 3. If 6 = 0, the line passes through the origin, and the 
equation becomes y = ax. 

Let AZ, (fig. 28.)^ he the line, then its equation is 

sin p, X , - sin p, a: , 

^ sm p, y sni (x, y'-p,x) 

if the symbol x, y denote the angle contained by the axes* 

We may hence trace the various positions assumed by AZ, 
whilst the angle p, a: is supposed to increase from to w. 

Let p, X = ; 

then jy = and AZ coincides wifli AX. 

Let p, X have any positive value < x^y, 

then, sin p, x, and sin {x, y — p, ^)y are both positive, and as 
tlie former increases, the latter decreases ; therefore the value 
of y increases, and remains positive. 
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Letp, x = x,y, 

then the coefficient of x becomes — ^— , which is infinitely 

great; and AZ coincides with AY, 

Let p,x > X, y, but < tt, 

then sin p, X is positive^ and sin {Xyjf'^ PiX) is negative; 
therefore the straight line lies in the direction AZ\ 

9 

L#et py X ^ TT, 
then sin p,x^O; .\ y =i 0, and the line coincides with AX\ 

,^ ^. sinp, X SA b .^ ,^ , 

LoR. 4. Since -t—*^ — = -77; = - , if AL be taken =; c, 

sin p^y AL c 

the equation to any straight line is 

* 

^ c 

or dividing by 6, and transposing^ 

b'^c ■" ^• 

50. Prob. 2. To find the equation to a straight line in 
terms of the perpendicular dropped upon it from the origin, and 
the angles which it forms with the axes. 

Let p be the perpcQdicular, and suppose the symbols p, x 
and Pf y to denote the angles which p makes with tlie axes of 
X and of y. 

Then^ referring to the last Cor. 



b = — and c = 



cos p, X cos (tt —p, x) cos p, X ' 

therefore by substitution, we have 

X cos p,x + y cos Pf y = p, 

which is the equation sought. 

H 
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Cob. 1. When the line passes through the origio, 

X cosp, X + y cos p, y = 0. 

Cob. 2. Since cos ji| jr= —sin p, x, 

and cos p^jf^ sin p, y, 

we have y sin p, y — a: sin p, x =p. 

51. Prob. 3. To determine the position of the straight 
lines, defined by the equation y = aar + ft. 

The various combinations of sign^ of which the equation is 
susceptible, may be exhibited by writing the equation thus^ 

yss ±{ax±b). 

(1) Lety=+aj: + ft. 

The corresponding line has been already considered in Prob. 1. 

(2) Let y =5 + aop— A. 

If x = 0, y = — ft, 

. b 
y = 0, xss-] — . 

a 

Hence, in YA produced, (fig. 29.), take AS! ^b^ and m AX 

take ilC = - , then CSz' is the line required. 

a 

(3) Let y = — ax + ft, 

then, as before, AB^b, AC ^ ' . And the line required is 

CBZ:. 

(4) Lety= —ax — b, 

take Aff = b, ilC = - . 

a 

And the line in this case is CB^z, 

Hence, the lines defined by y= ± {ax-^b), are CZ, Cz. 
Those defined by y = ± (ax-b), are C^, Cz. 



CHAP. m. 



ON PROBLEMS RELATING TO THE STRAIGHT LINE. 

52. Pros. 1. ]^equired the equation to a straight line 
passijig through a given point, whose co-ordinates are x , y . 

Any pointy of which the co-ordinates are x, y, being assumed 
in the line^ we have 

y = ax + bj 

but since x'y y are also the co-ordinates of a point in the same 
line, they will satisfy this equation ; 

.'. y = ax' + 6; 
whence, subtracting the lower from the upper equation, we have 

y-y-a{x-x), 
which is the equation required* 

Note* For the sake of brevity, we shall always designate the 
point whose co-ordinates are x'^ y y as the point (/, y\ and the 
straight line whose equation is y^ ax -{-b, as the straight line 
y=:ax + b. 



53. Prob. 2. Required the equation to the line which 
passes through two given points (x', y), and (/', y )• 

Since (x\ y") is a point in the line passing through {x, y), 
we have^ by the last proposition, 

y" -y = a {x" - x) ; .*. a = -f, ;; . 



X '•^ X 



60 



ANALYTICAL OEOMETRY. 



Substituting this value of (a) in the equation jast referred tO; 
we have 






X —X 



which is the equation sought. 

Since two points fix the position of a straight line^ the co- 
efficient (a) is no longer indeterminate as in the last Problem^ 
and we have therefore expressed it in terms of the co-ordinates 
of the two given points. 

Cor. 1. The equation may be thus written. 



y = 



y 



n 



X — X 



f in I II 



ft t y 

X — X 



which is of the general form y = ax '\' b. 

Cor. 2. If there be three points {x\y) : (x",yy : (x'",y^, 
in the same straight line^ the equation- to the line passing through 
the first two points, is 

y - y = ^^, — T- (^ - A 

X —X 

% 

and that to the line passing tlirough the first, and thirds is 

^ ^ X — X , 

Hence^ in order that the three points may be in the same line« 
we must have 

n r nt / 

y -y _ y -y 

n / — tn 19 

X — X X — X 

54. Pros. 3. Required the co-ordinates of the point of 
intersection of two lines , 

y -=■ ax -V hy and y = dx + h\ 

^Die point of intersection being common to the two lines^ the 
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co-ordinates of that point will be the same in both equations. 
Hence^ subtracting the second equation from the firsts we have 

a —a 

,. ... a'b-b'a 

add m like manner^ ^ = — 



t 9 



nvhich are the co-ordinates sought. 



Cor. When the lines are parallel^ x and y are infinitely 
great ; therefore the denominator of the above fractions = 0^ 



or a^a. 



Observation. The above method of determining analytically 
the intersection of two straight lines, is applicable to all lines 
whatever, situated in the same plane. 

Thus, lety*(x,y) = 0, and Fix,y) = Q be the equations to 
any two curves^ which are supposed to intersect each other ; 
then since the co-ordinates of the points of intersection must 
satisfy both equations, they will be obtained by elimination. 
The principle of elimination, thus employed, is of most extensive 
use in Analytical Geometry. 



55. Prob. 4. Required the distance between two points 
(x'yy'y) and {x^y). 

Let P, P' be two points, (fig. SO.) drav^ Pilf, F^M' parallel 
to AY, and PQ parallel to AX, meeting P'M' in Q. 

LetPP'=r. 

Then r« = PQ* + P'Q»-2PQ.P'Q cos Q 

= PQVP'Q'-f2PQ.P'Q cos x,y 
since cos Q = cos (tt — jt, y) = — cos x, y ; 

but P'Q = MT'-'MP=:y'-'y, and PQ = x -;r; 
therejbre by substitution, 

r* = (x — ar)^+ {y''-yf-\- 2 (x'— or) {y'-^y) cos x,y\ 
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therefore r= l/{(x'-arf+{y-y)*+2(/-j)(y-y) cos ±,y}, 
the distance required. 

Cor. 1. If the point P' coincide with the origin, x and y 
are each = 0; 

therefore the distance from A ^=^V \x^ + ^ + ^^V cos x,y}. 

Cor. 2. When the axes are rectangular^ 

r= V{(x'-x)H(y'-y)»}, 
and iivhen the line passes through the origin^ 

r = l/(:r' + y% 

56. Pros. 5. To find the length of the perpendicular 
dropped from a given point (/, y) upon the line 

Let P be the given point, (fig. 31.), BZ the given line^ and 
PQ, the perpendicular whose length (p) is required. 

. From A drop the perpendicular Ap upon the line drawn 
through P parallel to BZ \ and let Ap meet J3Z in q. 

Then, since il|> = y* sin p,y — j?' sin p, j:, (50) 

and' Aq = i sin /o, y^ 

we have |) = (y — b) sin p, y — x^ sin p, x (1), 

or = (y — ax — J) sin p,y (3), 

sin p, X 

because a = -: — = . 

sm p,y 

CoR. 1. Let the given line pass through the origin, 
then ft = 0, and we have 

p =i y' sin p^y — x' sin p, x, as in Art. 50. 

CoR. £. Let the axes be rectangular. 



then sin p^y = cos p,x = 



sec /t), X 



= + 



»\> 



1/(1 + a*) 
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i/ — ax' — 6 
"P-^ l/(l+a«) ' 

in which the positive or the negative sign is to be used according 
as the point P is situated above or below the line BZ. 

Let the given line pass through the origin^ then b=0, and 

y' — aa/ 



Let the given point be the origin, then x' and y =sO, 

according as the line is below or above AX. 

57. Prob. 6. Required the angle formed by the inter- 
section of two given lines. 

Through the origin draw two lines parallel respectively to 
the given lines^ and let their equations be 

Then^ if the two lines be denoted by p, and p, 

^ py P = ^ {pi x-^Pjx}; 
therefore tan p, p' = tan {p, a:— p', a:} 

— tan p, a^ — tan p, x . 

1 + tan p, X . tan p, x 

smp,y sm{Xyy — p,x) 
^ sin p> jp 



sin ar, y 'cos p, x —cos j:, y sin p^x^ 



or^ dividing numerator and denominator by cos p, x, 
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tan /O, X 



Sin X, y — cos x, y t&n p^x 
.*. a {sinx, y — cos x^ y tan p, :c} = tan pyX\ 

, . a sin X. V 

therefore XzxLOyX^ — ; — ; 

1 + a cos Xy y 

T ri ^ / Jsinx.y 

In like manner^ tan p . x = — — -, — ; 

1+a cos J7,y 

therefore^ by substitution in (1), we have 



a — a 



/> 



tan />> P = sm x, y . ;; — ; — -^ ; ; 

^^^ ^ H-(a + a)cosa;,y + aa 

which is the expression required. 



CoR. 1. When the lines are perpendicular to each other^ 
1 + (a + a') cosa:,y + aa'= 0, 



CoR. 
cos X, y : 



and when they are parallel^ a^-a =0. 

\, When the axes are fectangular, sinjr^y=:l, and 
0; 



a — a 



therefore tan p, p = > . 

^^^ 1+aa' 



Heilce, 'when the lines are perpendicular, 1 + a a' = 0, 

and when they are parallel, a — a' = 0. 

58. Pros. 7* Required the equation to the line which 
makes a given angle with the line y = a x + &. 

Let the equation sought be y = ax + b', in which a is to be 
determined. 



ON> THE STRAIGHT LINE. 



65 



>. 



H m be taken. equal tan p^p in the. last Prob..we have, on 
multiplying out^ 

m + m(a + fl') cos x^y + maa' = 8inx,y (a — fl'); 

/. {sinj:,y +m(a+cosar,y)} a = a sinj:,y— m(H-flco8x,y)> 

whence 

, __ a sin x, y — m (1 + a cos x^y) 
sip x,y -h m:(a,-l- cos x,y)^ 

This value of a', vtrhen substituted in the equation 

y = ax -h b\ 
gives the equation required. 

Cor. Hence the equation to a line perpendicular to the line 
y = ax + i, is 

1 + a cos x, y ,, 

V = -^ X + b. 

a + cos x^y 

When the axes are rectangular, this equation becomes 

^ a 

59* The solution of problems being in general greatly faci- 
litated by the employment of rectangular co-ordinates, v\re shall 
subjoin a summary of the results which are deducible from the 
preceding propositions, when adapted to this particular case. 

(1) The equation to a line, whose inclination to AX is 
tan""^fl, is* ^ 

y z=i ax •\- h^ 



* By the expresssioii tan""^ a, is meant the ^nglc whose tangent is (a). 

I 
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and when this line passes through the origin, its equation 
becomes 

y = ax. 

(2) The equation to a line which passes 

(1) Through one given point, is y-y' = a(j:— ar'). 

(2) Through two given points^ is y— y' =^7? — ^ (x — x). 

X — X 

(3) If py p be the angle of intersection of two lines, 

y = fl X + ft^ y^ax -^b'^ 
a-- a 



then tan p, p =^ — : : 

^ '^ 1+aa' 



o— a 



^"^'''= l/(l+a*)(l+a'^)' 



cos Ps p =• 



the positive sign being used when the angle is acute^ the n^ative 
when it is obtuse. 

(4) The equation to a straight line drawn through a given 
point ix y y')^ and making an angle tan""^m, with the line 
y = aj? + 6, is 

' , a — m , 

y-y = T-r {x — x). 

1+am 

Hence, (1) When the lines are perpendicular^ 

(2) When they are parallel^ 
y — y' = a (r — J?'). 

(5) If (r) be the distance between two points (x, y) and 
{x\y), then 
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When X and y =0, r= V^(x*+y*), which therefore expresses 
the distance of a point from the origin. 



(6) If {p) be the perpendicular dropped from a given point 
{x\y) on the straight line y = aj; +6, then 

y —ax —6 

These formulas the Student will find it convenient to commit 
to memory. 



CHAP. IV. 



APPLICATION OF THB EQUATION TO THE STRAIGHT LINK 

TO EXAMPLES. 

60. Prop. 1. If from the middle points of the sides of a 
triangle, straight lines be drawn at right angles to the sides^ 
they will meet in the same point. 

Let the sides of the triangle ABC be bisected in M, N, P, 
(fig. 32,.), and from these points draw Mm, Nn, Pp at right 
angles to the sides ; it is required to. prove that they will have a 
common point of intersection; or that any two of them Nn, 
Pp will meet the third Mm in the same point. 

We shall here employ rectangular co-ordinates, and shall 
suppose, for the sake of simplicity, that they originate at Aj 
and that the axis AX coincides with AB. 

Let the co-ordinates of C be a^ /3 
then those of N and of P will be - , - ; , - , respectively. 

Now when Nn, Pp meet Mm in any point, the abscissas 
alone in the equations to these two lines will have the same 

value, ilitf or - ; but when they meet Mm in the sam>e point, 

the ordinates will likewise be identical. 

Our object^ therefore, is, first to find the equations to Nn, Mm ; 

/J 
and next, to substitute in each^ - for x ; then, if the resulting 

values ofy be identical, the truth of the Proposition will be 
established* 
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The equation to Nn is (59) of the form 

/3 






but Nn beiug at right angles to AC, whose inclination to AX 

= tan- i. 
a 

w =5 — -X , (Cor. 2. Art. 57.) 



therefore the equation to Nn is 

ft 






i3 

but when N^w meets Mm, a: = - ; therefore the equation be- 

2' 

comes, in this case, 

^gain, the equation to Pp is of the form 

but i7i'=: ~, since Pp is at right angles to BC; therefore 
the above equation becomes 

y--i = xi'^ — i~»- 

c 
Let Pp meet ilfm, then j: = -. ; therefore the equation is 

reduced to 

•^ 2 /3 2 ^ 

On comparing equations (l) and (2) it appears, that the values 
of y are identical ; wherefore the lines Nn, Pp meet Mm in the 
same point as was to be proved. 
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61. Prop. 2. The perpeadiculars dropped from' the an- 
gular points of a triangle on the opposite sides^ meet one another 
in the same point. 

Let AM, BNj CP be perpendicular to the sides JBC, CA^ 
JB, (fig. 33.) 

« 

Then^ retaining the same system of co-ordinates as4n the last 
Proposition, the equation to AM will be of the form y = mx; 
but AM being perpendicular to BC, whose inclination to AX 

-1 ^ 
IS tan , 

c — a 



c — a 



which^ when AM meets CP, becomes 

y = -~^« (!)• 

Again the equation to BN is of the form y ^ m (j:— c), 

butw =-; .•. y = -^(ar-c), 
which^ when BN meets CP^ becomes 

y = -|(«-c) (2). 

The values of y in (1) and (Q,) being identical^ it follows, that 
the three perpendiculars intersect in the same point. 

% 62. Prop. 3. The lines drawn from the angles of a tri- 
angle to the middle points of the opposite sides, intersect in the 
same point. 

Let JM, jBN, CP, (fig. 34.) be drawn to the middle points 
of the opposite sides^ and through C draw CX parallel to AB» 

In this and the following Proposition, it will be convenient to 
employ the oblique axes CX, CP^ of which the former is sup- 
posed the axis of x, the latter that of y. 

Let the co-ordinates of A be a, /3, then those of B will be 
— a, (i; whence the co-ordinates of M and of N will be, re- 
spectively. 



ON THE STRAIGHT LINB. 



71 



The line ililf passes through the points fa, j3, and — S*"©) * 
therefore (53) its equation will be 

Letilitf meet CP, then x = 0; therefore the equation becomes 

y-/3=-f 0). 

In like manner^ the .equation to BN is v — i3 = {x + a)* 

3a 

Q 
Which, when BN meets CP, becomes y— /3=— - (2). 

The values of y in (1) and (2) being identical, the three lines 
AM, BNf CP intersect in the same point. 

Prop. 4. The lines which bisect the three angles of a tri- 
angle meet in the same point. 

Let AM, BN, CP (fig. 34.) bisect the angles A, B, C, 
respectively. 

The same axes CX, CP being retained, assume 

AP=:a, PB = a\ PC—fi, 

Then the equation to AM, will be 

^ sm o, X 
sm p, y 



Now 



sin f>^ ^ _ sin J A sin ^ jl 

sin p, y sin § (A + C) cos \B^ 

sincei(^ + 0=^^|B; 

siti *^ A. 

therefore the equation to AM is y^ 3 = ^r-— (a — x). 

cos^jo 

oiri -i- yd ■ 

Let AM meet CP, in which case x = ; .'.y— /3 = ; ^__, ^^,,(j). 

cos 5^ 
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Again, the equation to jBAT is y - /3 = 1— {a — x), 

cos "S* itt 

which^ when x = 0. becomes y -^R zir ^~:a'; 

^ cos^A 

. ^ sin A 2 sin -^ A cos i A 

but a = a • -; — rr = a . — : — f-zz 7-= ; 

sm £ 2 sinj^.cos^f 

• • V "^ f5 — " 1 ^ fl ♦♦•• ••••••••• \2/* 

COS -^ jS 

Which is the same value as in (1) ; therefore the lines meet in 
the same point. 

64. Prop. 5. To find the area of a triangle, in teims of 
the co-ordinates of its angular points ; the axes OXy OY being 
oblique. 

Let the co-ordinates of A, B, C, respectively be 
then, the equation to AB will be (Art. 53. Cor. 1.) 

y — // I ^^ I, /• 

Therefore, the perpendicular (;?) dropped from C upon AB will^ (56) 

,„ yx - xy \ , ,^ . 
y - n _ , ] sin p.y-x smp.x (1). 

NoWj conceive a line parallel to OX to be drawn through A^ 
meeting the ordinate of B in P. Then, 

j1P = /'-x', and J5P=y'-y; also, 

X '^ X y ^^y 

sin p^y xz — sin a:,y, and sin f>, JJ" = s*" ^*yf 

c c 

therefore, by substituting in (1), 

|> = — \y (x ^x)—yx +xy —x (y — y)j; 



hence the area of the triangle =§/?c 

T • t ttt tt lit II . I III I III , // / ' "I 

= ^suix^y iy X -X y -hyx —xy -hy x —yx J. 

Cor. If the axes be rectangular, then sinj:,y=l; and 
therefore, 

I C /// // //' ft I '" ' tit t X It I " '? 

area = j \y x --x y +^ y — y ^ +y ^ —J? y {• 



* 
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ON tHS' H^ATION TO THB CIRCLE. 

* ■ _ 

61. PftoB. 1. To find the equation to tht circle^ 

The equation sought will be obtained by ezpressmg analy- 
tically tiiat the diMnte between €he centre and any point of the 
^ircmAference is imramble* 

Let a circle^ whose radius is (r), be referred to $af system 
of oblique axes; saiifKMey, y, pq be die co-prdinates of die 
centrci and x, y^ those of any point in the circumference* 

* . * 

Then, the distance (r) between the two points (x, y) : (x^y), 
b Atis ezpressetf (55), 

(4P-x')*+(y-y)* + 2(x-x) (y-y) cosx,y«r*, 

which is the equation reqiured. 

Cob. When die origin is placed at the centre^ x' and 

y=o; 

6ll«.' Lot .the apces be rectaqgular> then cos jTiy^O; and 
im Jtqjuatioii becomes 

(x-xy+(y-y)« = f^. (1). 

Let idie akis otxofofy pass through the ceubre, then y' or 
x'^Oj and the equation becomes respectively ' 






or " ■ ' 

K 
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Let the prigiQ be upon the circumference^ then^ since 

^ +y = r , 

equation (1) becomes >» 

x*+y*-2jx' — 2yy =0. ...(3); 
and equation ($) becomes^ on the same supposition, 






Let th0;.prigin i>e;.at. the .centre^ tberi;^ x and y are; tech 
= Oj and the equation becomes 

>^*+y = ^* (5)- 

Observation, lie equations most generally used are'tihe tw6 
ibllowing^ . . , / .. 

'■"' ' a?*+y*— ^rj?=b, or y^ss^rr— a?*, 

• '••• ' •'-- ■ '•.. .". . "\ 

and j?*+y*=:r^. 

• . • . , ' . . -> 

63. Prob. 2. To trace the circle from its equation 

Let CX^ CYy be the rectangular axes to which the circle is 
to be referred (fig. 35.). 

(1) Solving the equation in terms of x, we have 

Let xsbO; .'. y.=: +r. If therefore, CD^ CE, be each 
taken »= r, the circle will cut the axis of {y), in the points I>, 
E. 

Let »== ±r; /, y = 0; therefore, the circle cuts the axis 
of X at the points A, B. 

Let jtZ +r; then, for each assumed value of t, there are 
two equal values ofy with opposite signs: therefore, the axis 
of X divides the circle into two equal parts. 
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''Letx;> ± r, ■.—'•'«: 

dien the values of y are imaginary, and no point ot the circle is 

sitaated beyond il or JB. 

» - » ■ 

(2) Next solving the equation in terms of y^ we have 

By pursuing the 4ame steps as before, it may be shewny that the 
circle is divided into two equal parts by the axis of y, aind thaf 
no point can be situate beyond D or £. 

^A. Prob» 3» To find thcf polar equatbn to the circle 

The axes being supposed rectangular, and the origin at the 
centre, the algebraic equation to the circle will be 

«*+y* = r' (1). 

Let any point S, (a, (S) be assumed for the pole^ (fig. 36.) 
and through S draw SZ parallel to the axb of x, meeting MP 
in m, and let the ordinate of 5 meet CX in s; let SP = /o, 
and angle PSZ = w. 

Then x = CM s^ C$ •¥ sM sz a + p cos «, 

and y = MP = mM + MP = /3 -h f) sin w; 
therefore substituting these values of x and y in (1)^ we have 

(a + p cos wf + (Ji + p sin wf = r% 
which on being expanded and reduced, becomes 

p' -h 2 {a cos «i + /3 sin «} /o + o' -h /3* — r* = Q, 
the equation required. 

Cor. 1* If the pole be situated without the circle, then the 
polar equation will be 

p* — 2 {a cos w 4- /3 sin ti;} p + a* + )3* — r' = 0. 

CoR. 2. Hence it may be proved, that '^ if two chords cut 
one another either within or without a circle^ the rectangle 
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^nder the segments of the one is equivalent to die:rccltt%Ie 
cootaitied by the segments of the other." Euc, III. S6« mi 
Cor. 36. 

Resuming the polar equationi 

p^±2{a cos«+)8 8in«}/>+o*+/3*-r^=0. 

Let Ihia pole be the pven point either within or witboot the 
cirdei then the two roots of the above equation wilji b^ thji» 
lines intercepted between the pole and the circumferepce> JXoYf 
by the theory of equations^ the product of diese two lines 
= a' 4* /3^'^r\ and as this quantity is independeilt of the kdgle 
(fti), it will remain the same for all lines drawii through die 
assumed point. Whence the truth of the proposition is evident^ 



CHAP, vr 



ON PROBLEMS RELATING TO THS CIBCI«E« 

65. ProB. 1. .The circle being referred to oblique 
tees originating at the centre, to find the equation to the tangent 
appUed at a giyen point («VyO of the circumforence. 

The equatipp) reqiiir^ VJH he of tbd ftirn> 

y-.y = il(^-x').,/...(l),^ 

hi which the coefficient ^ is to be determined. 

If a line be drawn from the given poiot to the p^ntre^ ita^ 

equation will be jf «= ^ « ; but the tangent is at right angles 16 

....'.,-...,' w . .' • 

this Ime^ £iic. III. 18; therefoiiis we have (69)f 

X '^ x+y co8ar,y 



m k « ■ 



y y + Jf' cos jr,y 

*S + COS x, V 



theriefore by substitution in (1), 

, »'+y' cos x,y- ,. 

•^ y + ^ cos X, y 

which is the equation sought. 

Cor. 1. Since x^-jry^ +2a?y.cos x;y= r', the above 
equation becomes on reduction 

{x' + y cos x^ y) JC + (y' + x' cos x,y)y ^ r^. 
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Cor. ^. When tlie axes are rectangular^ the equation just 
obtained becomes 

yrry = >(x-r-x), 

or xx'+yy = r*. 

&6. Pros. d. To draw a tangent to a circle from a given 
point {x, y) without it. 

The circle being referred to rectangular axes, originatiogv at 
the centre^ let x, y be the co-ordinates of the point of contact^ 

then x^ + y*=5r* (i). 

Again, since the point (x\ yf) is on the tangent passing 
through {Xy y), we have 

xx-^yy^r^ (2). 

The co-ordinates may therefore be obtained by elimination 
between (I) and (2) ; and as the former of these equation^ is of 
the second degree^ it follows, that there are two poitits of con-, 
tact ; or^ in other words^ that two tangents may be drawn to a 
circle from a given point without it. 

It will be easier^ however, instead of actually performing the 
elimination^ to construct the loci of the above equations^ since 
the points in which they intersect, will evidently be the points 
of contact. 

Now the locus of (l) is the given circle; that of (2) is a 
str£Ught line, which must therefore be the chord joining the 
points of contact, and which is thus determined. 

L<et jr = 0; .'. y = -7, 

y 

^ X . 

Hence, in CY, CX take CB and CJ respectively equal to these 
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r 

values of y and a:; job A, B, then the points P, p in which 
AB meets the circle^ will be the points of contact required. 

Cor. Hence may be proved the following theorem. 

The chords joining the points of contact of each pair of 
tangents drawn from the several points of a line given in po- 
sition, without a circle^ will all meet in the same point. 

Let QJS be the given line^ and let the circle be referred to 
rectangular co-ordinates originating at the centre, the axis of x 
being assumed perpendicular to QR (fig. 37*)* 

Then if CtP^ Qp be a pair of tangents drawn from any point 
Q {^'f yO we have, as was shewn above^ ^ 

CA^%, 

X 

and as this value of CA is independent of y\ it will be the 
same for all points whose abscissa is x\ that is, for all points 
situated in the line CiR. Whence the truth of the theorem. 

&l. Pros. S. Through two given points to draw two 
straight lines that shall form a given angle tan"^ m* 

Let il, B be the given points, (fig. 38.) AP^ BP the re- 
quired lines, and let P be referred to rectangular axes AX, AY 
originating at A. From P drop PM perpendicular to AB^ and 
let AB = a, AM==Xy MP=y. 

Then APB = 7r-(A + B); 
therefore tan APB= —tan (A + B); 



that is, — w = 



tan 


A + tm B 


t 


X 


+ ^ 


1 - 


tan A tan B 


1- 





. m ■ 
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irhich 18 the equadoii to a circle passing through the ongia A^ 
the co-ordmates of its centre being 'r, ---*• and its radiiis 

dm . 

To trace the circle. 

Let y=0; .*• x* = ax{ •*• x=0, and also 8 a* 
The circle therefore passes through A and JB. 

tietx=0; .•.y*=-y; .'.y=0, and =*-^. 

HI '^ 



In J F take AP' = — • and the circle will pass through P^. 

i 

Hence lines drawn from A and B to any point in the^aegmaiit 
AFB, will have the property required. 



Cor. Let APB be a right angle, then m being ii 

— vanishes^ and therefore the locus of P is a semi-drde. 
2m 

According as APB is acute or obtuse, m will be positive or 
negative, and the centre will be situated above or htlow AB» 
The locus of P will therefore be an arc which is greater or less 
respectively, than a semi-circumference. (Euc» III. 3L) 

68. Prob. 4. To find the co-ordinates of the points of 
intersection of two circles. , 

Let A and B be the centres of the two circles^ r, / their 
radii^ and AB^S. 

Then A being assumed, as tlie origin of the rectangular axes 
AX J AY, of which the former is supposed to pass through B, 

The equation to the circle ii is x* +y* = r^ . . • • . • (1), 

and that to the circle B is (ar — 5)*+y* = r'*. . (2). 
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At the point of intersection, these co-ordinates are identical; 
therefore subtracting the 2d equation from (he 1st, 



25x-5« = r*-r'*; 

therefore by substition in (1), 

hence^ by an operation similar to that in Art* 32. Cor. 2. 



Wherefore the circles cut one another in two points. 

Since to the sam« abscissa there correspond two equal values 
of the ordinate^ with opposite signs, it follows, that the chord 
Pp joining the points of section, is bisected at right angles by 
the line joining the centres. 

Cor. 1. In order that the circles may cut .another, these 
values of (y) must be realy or the quantity under the radical 
must be positive. Now this will be the case when all the 
factors are positive, or when two of them are positive and two 
negative; that is, since the first is necessarily positive, when 
any two of the last three factors are negative, and the remaining 
one positive. But by supposing any one . of these factors 
negative, the other two will be found to be positive, thus 

let r + 5 < r ; .•. r < / and 5 < /^ 

.'. {r '^r) + S and (/ — 5) + r are positive. 

Whence it follows^ that each of the fiactors^ under the radical, 
must be positive, to produce an intersection of the circles. 

CoR. 2. When the circles touch one another, the values of 

(y) are =0; ... 

L 
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In other words^ *^ two circles touch one another intemaUy or 
externally^ when the line joining th^ir centres is equal to the 
difference or the sum of the radii." 

69* PitoB. 5. Two given circles being cut by a third, to 
find where the chords joining the points of intersection will meet. 

Let A, B be the centres^ (fig. 390 r^ r the radii of two given 
circles which are cut by a thirds whose centre is C, and radius 
p, in the points a,fii : b,n; draw the chords am, bn, and let 
them meet in P; required the position of this point. 

The axes being supposed rectangular^ let A be assumed as 

the origin, and JlB as the axis of (x). 

* 

Let the co-ordinates of C be x and y^ and AB^Sj 
Then the equation to the circle il is x -^y^=st^ . . .0). 

that to B (X- S)^ +y^=r^ ... (2), 

and that to C (jK^xfHy-yf^'p' . . • (3). 

Our object must be to find the equations to the chords 0m, 
bn, since it is only requisite to suppose x and y the same in 
both^ in order to obtain the co-ordinates of the pobt in which 
Aose chords intersect. 

Now when C cuts A, the co-ordinates at the points of inter- 
section will be identical^ Since x and y therefore are the same 
in (]) and (3), we have> subtracting the latter from the former^ 

2xx' -f ^yy = x^ -f y'* -f r*— p*. . . .(4). 

This being the equation to a straight line, it can be no other 
than the equation to the line am, which joins the points of 
intersection. 
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In like maimer it may be shewn, that the equation to the 
chord bn is 

2xx + 2yy ^ 2Sx=:r« -p*-5* -h x* + y* .... (5). 

When am, bn intersect^ these equations coincide; dierefore 
subtracting (4) from (5\ and dividmg by ^i, we have 

JO = K . 

ThM value of (x) being constant^ and independeut of p, x\y^ 
it follows that whatever be the position and magnitude <ff the^ 
circle C, tie point of intersection of all chords am^ bn, u;t7/. lie 
in the line MP^ which is at right angles to AB. 

«,^ ^ S'-^-r'-^r^ 
CoR. 1. BJl = o — j: = -"K ; 

/2 2 '2 J 

Hence, the line AB is divided at the point M into two such 
parts that the difference of their squares is equal to the difference 
of the squares of the radii. 

CoR. 2; If from any poiot in MP, 3, tangent be drawn to 
each of the circles A^ By these tangents will be equal. 

Let PQ, Pq be any two tangents so drawn ; then 

PQ'=:Pn. Pb=Pm.Pa=^Pq^; 

.\PQ = Pq. 

Note. The point M is caHed the radical centre, and the line 
MP, the radical axis, of the two circles. 
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Cor. 3. When tlie circles A and JB cut one another, the 
chord NP, (fig. 40.) coincides with the radical axis, (Art. 68.) 
Hence it follows^ that if three circles cut one another, the chords 
joining the points of intersection of each two of them, wiU meet 
in the same point. 

70. It may be proper, before quitting this part of the 
subject, to illustrate, by one or two examples, the utility of the 
equation to the circle, in the demonstration of theorems. 

Ex. 1. If any two chords cut one another at right angles 
within a cii'de, the sum of the squares of ^he /our segments 
is equal to the square of the diameter. 

Let M N, PQ^ be any two chords intersecting at right anglej 

The equation to the circle when referred to rectangular axes, 
originating at O, is 

Lety = 0; .\x=^x± y(r^~y^)=:OQ or OP, 

V 

x=0; ..y = v'± y'(r^-x'') = OM or ON; 

.-. OQ* + OP'^ + OM* + ON* 

= 2(/'-y*)+2r' + 2(y*-a;'*) +ar* = 4r* = (diameter)*. 

Ex. 2. Let P be any point in the diameter AB of a circle, 
JUN'any chord parallel to ABy required to prove that 

PM' + PN* = PA^ + PB". 

The point P being assumed as the origin of rectangular axes, 
the equation to the circle will be 

(:r-xTH-/=;-^ (l). 

Let y = ; .-. r = a' ± r = PB or PA ; 

/. PA^ + PB^ = 2 (/* + r^) . . . • (2). 
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Now the equation to the chord MN, which is parallel to AB, 
is y=:m; therefore elimiaating y from equation (1)^ we have 
for the abscissas of M and N, 

'X = a:' ± V^Cr* — w*), 

and these points liaving the same ordinate (m), 

PM* + PN* = 2m' + 2x* + 2r'-2m^ 

= 2(x"-f r') 

^Pjf-^- PES' by (2). 
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ON THE TRANSFORMATION OF CO-ORDINATES. 

7^* Sy means of the equation to a curve, we are enabled 
to define its nature and investigate its properties. Tbeae two 
objects^ therefore, will be most easily attained^ when the equa- 
tion is reduced to its simplest form. Now, as the form of an 
equation depends on the position and direction of the axes^ it can 
only be modified by transferring the curve to a different system 
of co-ordinates. This operation while it tends to simplify the 
equation^ does not affect the nature of the curve, which is 
quite independent of the axes to which it is Referred. 

Thus the equation to the circle is obtained in its most general 
form, by referring the curve to oblique axes, originating at 
any assumed point ; it is then reduced, first by supposing the 
axes rectangular, and next, by assigning different positions to 
the origin. The nature of the circle remains in all cases un- 
changed, while the investigation of its properties is facilitated, 
in proportion as the form of its equation is simplified. 

The operation of displacing the origin, or changing the di- 
rection, of the axes, or of altering at once both their origin and 
direction, is called the transformatwn of co-ordinates, 

72* Prob. 1. To transform the equation to any proposed 
curve from one system of oblique axes to another ; the origin 
being the same. 

Let AXy AF, be the primitive, AX', AY\ (fig. 41.) the 
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new axes^ x, y the co-ordinates of a point referred to the 
former^ x,y those of the same point when referred to the 
latter. 

Since the nature of a curve is independent of any particular 
system of axes^ the object of the problem is to determine how 
X and y must be expressed in terms of x* and y^ in order thal;^ 
when the latter is substituted for the former in a given equation 
between x and yy the degree of the resulting equation may re- 
main unaltered. This^ it is evident^ can only take place^ when 
the co-ordinates of the one system are linear functions of those 
of the other. 

For example, let the proposed equation be that to the straight 
line or circle^ then, in order that the transformed equations may 
continue to be of the first or second degree, respectively, x' 
and y must necessarily be linear functions of x and y. 

We shall assume^ therefore^ generally^ that the relation between 
the primitive and the new co-ordinates may be thus expressed^ . 

x=mxf^rny and y^mx'+ny (l), 

nij n ; m\ n being constant quantities^ which are now to be 
determined. • 

(1) Let y = 0; therefore the point will be situated on AX' 
as at P; draw VM parallel to AF. 

Ihen m = -7 = —-^ = -;^ , 

X Air sin x^ y 






PM sin x\ X 



x' AP sin x,y 
(Q) In like manner, by supposing x =0, we obtain 

sin y, y , _ sin y, x 

fi -- -_ , w — —7- ^ . 

sm X, y sin x^y 

Therefore, m, m; n, n, being replaced by the values just 
obtained, equation (1) becomes 

X = -T {x sina:,y+y 8*ny,y}, 

sm x,y 

y = -: {x sin x\ x +y' sin y^ x}, 

sm x^y 
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Hence, any equatioQ between x and y vAslJ, by sabstitution of 
these values, be transformed %o an equation between x and y : 
as was required. 

73. Cor. 1. Let the primitive axes be rectangular^ and the 
new ones oblique : then^ sin j?, y = 1 . 

Also sin J7'y = sin f - — Xy xj = cos x^ x, 

sin y, y = sin ^- + y\ x^ = cosy, ar; 

therefore, the above formulas become 

' f 

x = x' cos x'y X +y cos y, x, 
y =x' sin x'^ x+y sin y\ x. 

74. Cor. 2. Let both systems be rectangular; therefore^ 
the formulas become 

x^x* cos x'y X — y sin x, x, 
y = 0?' sin X, X +y cos x', x, 

75. Cor. 3. Let the primitive axes be oblique, and the 
new ones rectangular. 

Then, sin y', y = cos x-j y, and sin y, x = cos x', x ; 
therefore, we have 

X = -: {x* sin x\ y+y cos J^'^y}, 

sm a?j y 

V = -: ix' sin x\ x + y' cos x', xl. 

^ 8mx,y ' -^ * 

76. If, besides changing the direction of the axes^ it be re- 
quired at the same time to displace their origin, we have only 
in the foregoing formulas to add the new abscissa to the value of 
X, and the new ordinate to the value of y. 
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Thu8« if a, b, be the co-ordinates of the new origin, then the 
general formulas will become 

x = a +-: — {j^'sini'',^ +y siny,y} 

sm X • ft 

yssb-\- { x' sin x' X + y' sin y\ x } 

sm x,y J J > ^ 

When the origin alone is displaced, and the new axes sup- 
posed to remain parallel to the primitive ones^ then the formulas 
are in this case^ 

X ^=^ a -V J 

77« Pros. 2. To pass from one system to another^ of 
^lar co-ordinates. 

Let a^ b, be the rectilinear co-ordinates of the new pole S, 
and let the axis to which the radius vector is referred make with 
the primitive axis an angle a : then, the formulas of Art. 46. 
become, by substitution, 

sin {j7,y— (w+o)} 

x = a + r . ^^ — r 



y=zb + r. 



sm Xy y 

sin (ft) + a) 
sin Xy y 



78. CoR. Ijet the axis to which r is referred be parallel to 
A.Xy then a = 0^ and the formulas become 

sin (a:, y - cm) 



• • 



sm Xy y 



sm w 

y^b-k-r . 

sm X, y 

By adopting the usual notation^ these formulas may be thus 
expressed, 

M 
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sinr,y 



sin X, y 
, , sin r.x 



smx^jr 



79- L^ ^he axes be rectangular^ then the formulas in 
Art. 77 and 78, become 



y^h-^-r sin (w + a)/ 

and x = a -f r cos (»"| 
y = 6 + r sin o; J 



(1), 



(2). 



80. By supposing the angle which the radius vector makes 
with the axis^ to pass through all degrees of magnitude between 
and 360^^ the signs of the trigonometrical functiims of tbtt 
angle will determine the position of the point P. Hence^ in 
the application of the foregoing formulas, the ra(^u9 vector 
(r) must always be considered as positive: and those values of 
(r\ which are negative, must be rejected. See Scholium^ 
p. S5. 



SECTION III. 

ON THE DISCUSSION AND PROPERTIES OF LINES OF 

THE SECOND ORDER. 



CHAP. I. 

ON LINES OF THE SECOND ORDER IN GENERAL. 

81. A CURYEy whose equation is of the n^ d^gree^ is 
called a line of the n^ order. 

Agreeably to this definition, the straight line^ since it is 
characterized by an equation of the first degree^ is a line of the 
first order, and the circle^ for a similar reason^ is a line of the 
second order. 

82. Prop. 1. To find the locus of the equation of the 
second degree between two variables. 

The general form of this equation is 

ay^ + bxy + cx^ + dy + ex +/ = 0, 

in which a, b, c ... are constant quantities that may be positive 
or negative, fractional or integral. 

The equation being resolved in terms of x and y successively, 
^e have 
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j:= ^ ± — \/{(6«-4flc)/+2(6e-2cd)3^+e«-4c/}. 

*0 C MU C 

Let the known coefficients in the irrational part of these 
equations be represented by single lettters, and let 



9.a ^ 2a * 2c ' 2c ' 

Then, by substitution, 

y = mx+«± — V{4x*+2JBx + C} (l), 

x = my+n±— V'{Ay^ + 2By + C} (2). 

« c 

Ist. To construct the values of (y). 

This value consists of two parts, of which the rational part^ 
mx + n^ is t\ equation to a straight line, and may therefore 
be constructed by (51). Let BR, (fig. 42.) be this line^ the 
axes AX, AY, being inclined at any angle whatever. In AX, 
take any point 3f, and draw MP parallel to AY, meeting BR 
in N. 

Let AM=sx, then MN will =fiir -f n. 

Again, take 2VP, Np, each = — \/{Ax^ + 2Bx -^ C], 

2 d 

then JfP, ikfp, will be the values of (y) required. 

For JfP = MN+]VP = mx + w+ — ^/{A^r^+SBT-fC}, 

2a 

Jlfj}=:=3fN-]V>=?na7 + » V{Ax''^2Bx^C}. 

2dly. To construct the values of x. 

Let DS (fig. 43.) represent the line my -f w', take AM' ss^y. 
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draw JIf'Q parallei to AX, meeting DS in N', then, lusaine 
IfQ, N'q. each 

*• C 

«id it may be shewn, as before, that M'Q, M'q are the two 
values of or. 

The curves, which are the loci of the above equation^ are 
termed lities of the second order. 

83. Prop. 2. A straight line cannot cut a line* of the 
second order in more than two points. 

Let the curve be cut by a straight line, whose equation is 
yssmx + n; then, at the points of intersection^ the co-ordinates 
of the line and of the curve will be identical. Substituting, 
therefore, the. value of (y) in the general equation, we have 

a{mx+tif + bx(fnx+n)'\'cx* + d(mx + n)\ wX+y*=0, 
which, on reduction, becomes 

This equation, being of the second degree, can have only two 
roots^ which^ when real, represent the abscissas of the points of 
intersection. Hence, the truth of the proposition. 

84. Prop. 3. To find the locus of the middle points of 
any number of parallel chords. 

Let y ^ mx (a) 

be the equation to any line APp drawn through the origin, and 
cutting the curve in the points P, p (fig. 44): take O {x\ y\ 
the middle point of any chord Q^, parallel to AFf ; then, the 
question is to find the relation between the co-ordinates of O. 
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If the origin be transferred to O, the equation to the curve 
will become 

fl(y+y)*+6(j:+xO(yH-yO-hc(j:+/)*+d(y-hy)+c(x+/)+/=0, 

and the equation to Qq, will become y = mx. 

Now the points in which Qq intersects the curve will be de- 
termined by supposing the co-ordinates in the last two equatioiii 
identical, whence 

But Qq being bisected in O, the roots of this equation will 
be equals and the coefficient of the second term will^ therefore^ 
vanish ; whence^ collecting the terms involving x^ we have 

9tamy -f by •\-bmx -^-Icx' •\-dm'\'e^Oy 

QXy arranging, and suppressing the accents^ 

(2a»i + 6)y + (6wi4-2c) x + dm+«=0 (1)> 

the equation to a straight line, which is, therefore, the locus 
required. 

The straight line which has thus been shewn to bisect a system 
of parallel chords is called a diameter : and the points in which 
it meets the curve are called the vertices, 

CoR. The diameter corresponding to any other chord 

y = nix (/3), 

will have for its equation 

(Qam+b) x + (bm +26) y+drn'-^e^O (2). 

85. Prop. 4. If either of these diameters be parallel to 
the corresponding chords of the other, . then, reciprocally, the 
latter will be parallel to the corresponding chords of the former* 

Let the diameter (1), for instance, be parallel to the chord 
(j3) ; we are to prove that the diameter (2) will be parallel U> 
the chord (a). 
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Since (1) b parallel to (fi), we have (Art. 57. Cor. 3.) 



m = — 



therefore w= — 



2am + 6' 



2am +b' 
that is, the chord (a) is parallel to the diameter (^). 

Hence it appears that each of the diameters (1) and (2) 
insects the chords drawn parallel to the other. 

Diameters thus related to each other are called conjugate 
iMameteri, 

86. CoR. If the equation to any diameter be 

y = mx + w, 

tbe equation to the diameter conjugate to it^ will be 

bm + 2c , 
•^ 9,am + b 

The number of systems of conjugate diameters is evidently 
unlimited. 

87. Prop. 5. To determine whether any system of con- 
Jugate diameters caii be rectangular. 

Let y = ma: + «, 
and y^=m'x + n 
be any system of conjugate diameters ; 

, ^v r bm + 2c 

then (80) wi = — -7 , 

2am + b 

or, multiplying out, and dividing each term by 2 a, ' 

b c 

mm' '\- — (m + w)+ •" =0. ••.... .(1). 
2a a 
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Also, since the diameters are by hypodiesis. rectangular^ we 
have (Art. 57. Cor. 1.) 

, 1 + m cos •y 

w = --^, 

m + cos •/ 

(7) being the inclination of the axes ; 

.*. wm' + (m + m') cos 7 + 1=0.... (2). 

Wherefore m and rnl may be found by means of equations (l) 

and (2). 

Now the quadratic equations which serve to determine m and 
m will be identical, as is sufficiently evident from the sym- 
metrical form of (1) and (2) : consequently, m and m' being the 
two roots of the same quadratic equation, there can be bat pite 
system of conjugate diameters that are rectangular. 

These are called the principal diameters, or the axes, and the 
points in which they meet the curve are called the principal 
vertices, 

88, Prop. 6. To find the co-ordinates of the point of in- 
tersection of any two diameters. 

Let the equations to these diameters be 

(2iam -^-b) y + {bm +2c) x + dm +e=^0, 
and (2am! + b) y +(bTn!-^2c) x + dm' +e = 0. 

s 

Now at the point of intersection the co-ordinates are identical; 
therefore subtracting the second equation from the first, we have 

2 a (tw — m ) y + ft (w — m') X'{'d(m'—m') = 0, 

or dividing by m'^m\ 2ay + ftj:-j-d= (1). 

Again^ subtracting the drst equation when multiplied by m , 
from the second, when multiplied by m, we have 

him — m') y +9.c{m^m') xA-e {m^m) = 0, 
or 6y + 2 c X + e = . • • . , , , « (2). 
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Hence, equating the values of (y), deduced from (l) and (2), 

bx + d Qcx + e 

2a "" b ' 

2,ae-bd 



jr = 



6*-4ac ' 



, ... 1 2cd — be 
and, similarly, y = -^ — , 

which are the co-ordinates required of the point of intersection. 

This point is called the centre. 

Hence the centre may be thus found. 

Draw any two parallel chords, and bisect each of them : do 
the same with any other two parallel chords, then the centre 
required will be the point in which the lines joining the middle 
points of each pair of chords intersect. 

89. The denominator 6* — 4ac may be either finite or =0; 
in the former case the curve has a centre, in the latter, it has 
jQot a centre, and all the diameters are consequently parallel. • 

Lines of the second order may therefore be distributed into 
two classes, those, namely, which have, and those which have 
not, a centre. 

j\gain, since b^ — 4ac when finite, may be either positive or 
negative, the lines included in the first class may be subdivided 
into two species, corresponding to this difference of sign. 

The general equation of the second degree comprises, there- 
fore, three distinct curves, which are named as follows : 



(1) An ellipse, when b — 4 ac is negative. 

(2) An hyperbola^ when b^ — 4ac is positive. 

(3) A parabola, when i' — 4 ac = 0. 

N 



CHAP. II. 



ON THE ELLIPSE AND HYPERBOLA. 

90. Prop. 1. To find the fonn of the equation to the 
ellipse and hyperbola, when the axes of the co-ordinates are 
parallel to any system of conjugate diameters. 

The equation to any diameter is 

. sin p, X 

m which w= T^ . 

s\n p,y 

Now let sin p^x^Oy that is^ let the diameter be parallel to 
the axis of x^ then m = Oj and the equation becomes 

by -I- 2cx -I- e = (1). 

Next, let sin p^y=zO, that is^ let the diameter be parallel to 
the axis of y^ then m= co^ and the equation becomes 

Say + Jt + d = (2). 

Hence^ when the axes are parallel to a system of conjugate 
diameters^ of these two equations the first will bisect the chords 
parallel to the axis of x, and ought, therefore^ to involve x 
alone (Art. 46.); and the second, for a similar reason^ ought to 
involve only y» It follows^ therefore, that 6 = 0^ or that f Ae 
coefficient of xy vanishes. Whence the general equation be- 
comes 
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which is of the form required. 

91. Cor. 1. To find the form of the equation when the 
centre is the origin. 

In this case> the equations to the diameters (l) and (2) will 
be of the form 

y = ax (Art. 49* Cor. 3.); 

therefore, d = and e = 0: that is^ the coefficients of x and y 
vanish. 

Whence the general equation becomes 

ay^ + bxy +cx^"\rf=' 0. 

When the cunre is referred to conjugate diameters^ the fprm 
of the equation is 

92. CoR. £• Since 5^ — 4ac is negative in the ellipse^ and 
positive in the hyperbola^ it follows, that when 6 = 0, a and 
c must have the same sign in the former^ and different signs in 
the latter. 

93. Pros. £. To find the equation to the ellipse and hy- 
perbola, when referred to their principal diameters. 

Let CAf CB, be the principal semi-diameters^ of which the 
former is supposed to be the axis of x, the latter that of y. 

Assume Cj1 = 6, CB=:b. 

Then, the form of the required equation will (91) &nd (92) be 

Ay^±Cx^+f^O. 

Hence j (1) in the ellipse^ (fig. 45.) 
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Letj^=0; .♦. *•= - ^=C.l' = a«; .'.€=-- 4, 

therefore by substitution the equation becomes 

J i J, «_ /• 

and dividing hyf, 

s 2 

% + 2^' <'^' 

or multiplying by a^b^, 

ay + 6V = a=y (2). . 

(2) In the hyperbola. 



Since the coefficients of y and x must have different signs^ 
(92)^ the equation required will be either 

4 2 tft 2. ? 12 

ay — 6a? =— a6, 

1 2 2 2 2 "2 r 9 

or 6 j: — o y = — a 6 . 
These equations^ when divided by a^i^, become 



2 2 

2 2 

^5 *.!2 "*" """ 

a o 

The equations marked (1) and (3) are of a form analogous to 
that of the equation to a straight line in Art. 49. Cor. 4* 

94. CoR. 1. Let the origin be transferred to A, one of the 
principal vertices, then i( j4M=Xj we have x = a ^ x\ there- 
fore, the equation becomes 
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y = ^(£ax'-x'»), 
a 
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or suppressing the accents, \vhich were used merely to dis- 
tinguish the one abscissa from the other, 

v' = — (Sax— r'). 
o 

In like manner the equation to the hyperbola becomes 

95. Cob. 2. Let a = b, then the two equations to the ellipse 
become 

y^sza^" T% and y* = Saj: — x*, 

which represent a circle. 

The equations to the hyperbola become 

y* = i'* — a*, and y*s=2ar-har'. 

The hyperbola which these equations represent, is called equi' 
lateral, and bears to the common hyperbola a relation analogous 
to that which the circle bears to the ellipse. 

96* Prob. 3. To trace the figure of the ellipse and of 
the hyperbola from their equations. 

The rectangular axes being CX, CF, let it be required 

(1) To trace the ellipse. 

Resolving the equation in terms of x, we have 

^ --a 
Let y = 0; .'. x=±a= CA or CV. 
jTssO; .•. yss +6 = CB^r Cb, 
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When (x) is positive, and increases from to (a), y is real, and 
diminishes from h to 0. In this case, each value of (x) fur- 
nishes two equal values of y with contrary signs. 

When x>a^ the values of y are imaginary, and* therefore the 
curve does not extend beyond A^ to the right. 

If X be negative, o? is pos»tive^ and it may be shewn, as 
before, that the curve does not extend beyond F to the left. 

Again, the equation being resolved in terms of y« 

X = ± ^ t/(6»-/), 

and it may be proved exactly in the same manner as in the former 
case that the curve is not continued beyond J5 or i. The 
curve therefore is wholly comprised between the parallels PJIf, 
QN and Pd, MN. 

But a straight line, it is known^ (Art. 83.) cannot cut an 
ellipse in more than two points. Hence the ellipse must have 
the form assigned to it in fig. 45. 

(2) To trace the hyperbola (fig. 46.) 

Resolving the first of the equations (3) in terms of (x), we 
have 

Let y = 0; /. jr= ±a^CA or CV, 

x = 0; .-.3^= ±bV{-\). 

These values of {y) being imaginary^ the curve cannot inter- 
sect the axis CY, To maintain the analogy, however, between 
the ellipse and hyperbola, we assume CB and Cb = b, 

Let X < a ; therefore the values of (y) being still imaginary, 
no part of the curve can lie between C and A» 
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Let ^ > a ; therefore the values of (y) are real, and to each 
assumed value of x^ there correspond two equal values of y, 
with contrary signs. 

In proportion as x increases^ the values of (y) are increased. 
When X therefore is assumed indefinitely great, the values of (y) 
become indefinitely great also. Hence to the right of C there 
is an infinite branch ZAz. 

If X be supposed negative^ it may in like manner be shewn, 
that to the left there is an infinite branch /^Vz , 

The hyperbola therefore consists of two infinite branches, 
symmetrically situated on opposite sides of the centre. 

Again, resolving the second of equations (3) in terms of {y\ 
we have (fig. 47.) 

Let x=iO\ .'. y = ±6 = CB or C6, 
y=0; .•. a?= ±a /(- 1). 

These values of x being imaginary^ the curve cannot meet the 
axis ex. We assume, however^ as before, CA and CV := a. 

Let y < b\ therefore the values of y being still imaginary, 
no part of the curve can lie between C and JB. 

The investigation being -continued as before, we conclude 
as in the former case, that the hyperbola is composed of two 
infinite branches JVJ5» and N'bn\ 

Figure (46) corresponds to a^y^-'h^d^^ ~ «*^% 

(47) to 6V-ay=-.a»6\ 

Observation. In investigating the properties of the hyperbola, 
we usually employ the former of these equations, 
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which is derived from the equation to the eHipae^^ by-.tatrely 
changing the sign of 6*. 

97- Pros. 4. To find the distance of any p^lnV m the 
ellipse and hyperbola from the centre. 

Let p be the distance sought. ri 

Then (l) in the ellipse. 



I' 



V{*'^^4 



I . 



The greater x is, the greater will p be ; let x be the greatest 
possible, that is, let it = a, then 

p=±a = CA or CV. 

In proportion as x decreases, p will decrease ; let x be the least 
possible^ that is, let it=:0^ then 

p^ ±b = CB or Cb. 

Hence, (fig. 45.) CA is the greatest, and CB the least dist- 
ance from the centre ; in other words, ^ F is the greatest, and 
Bh the least diameter of the ellipse. 

(2) It may be shewn in a similar manner, that AV is the 
greatest, and Bb the least, diameter of the hyperbola. 

The diameters AV, Bb in both curves, are called respectively 
the major and minor axes, 

98. The equation to a circle described on the major axis 
of an ellipse is y* = a* — j:^. If therefore MQ be an ordinate 
to the circle meeting the ellipse in P, we have (fig. 48.) 

MP^^Via'-^x^ 
a 

and MQ = V(a* - :r') ; 

.MP_b 
■ MQ~a' 
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Hence is derived an easy method of describing the ellipse by 
points. 

From any point M in the major axisj draw an ordinate MQ 
to the circle, join CQ, cutting the circle described on Bb in q; 
through q draw qP parallel to AV, meeting MQ in P; then 
P will be a point in the ellipse. 

For MP^MQ.^ ^ JfQ.-, 

V 

as it ought to be. If Mp he taken ecj^uai JIf P, then will p also 
be a point in the ellipse. In like manner, two other points 
may be determined^, equidistant from C to the left. 

This process is not applicable to the hyperbola, since its 
equation can only be compared with the equation y' = jr* — a*, 
which represents an equilateral hypetbola. Hie mode of con- 
structing the latter must therefore be known, before we can 
emptby it in the construction of the eommorr hyperbola. 

99' Pros. 5. To find the e()uations to the ellipse and 
hyperbola, when referred to a given system of conjugate diam- 
eters, the centre being^ the origin. . 



. t 



liCt CP, CD, (fig* 49») be aqy two semi^conjugate dimnetors, ^ 
of which the former is supposed to be the axis of x, the latter 
that of y. 

Assume CP^a\ CD^h'. 

Then it may be proved precisely as in Art. Q3, that the re- 
quired equations are 

the upper sign being used for the ellipse, the lower for the 
hyperbola. 

Obserration. ' The equation to tb^ byperbciki is jiediiced 
from that to the ellipse, by changing, 99 ijEt Art. 93^ the sign f of 
V , When CPy CD are called conjugate diameters in the 
hyperbola, it is to foe understood^ that they are \o called onf^ by 
analogy, since CD does not, in fact, meet the curve. • ' 

O 
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ido. Cor. 1. rtence y* = -^{^Jx'^x*)\ 

a 

that 18, if any ordinate Qv be drawn in the ellipse or hyperbola, 
md PC be produced to meet the curve iti G, 

Pv.vG : Qr* :: PC* : CD\ 

When the diameters PC, CD are rectangular, the above pro- 
portion becdmes 

AM.MV : MP^:: AC? : BC?. 



\'% 
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■^7 



Since y* = -7- (Si/jr + x*) 
a 

b'* _ A'* , 
a d 

r p ; we have y* = 2pT + ^ **• 

a 



The line 2p which has thus been assumed a third proppr- 
tional to any two conjugate diameters, is called the parameter 
to Uie diameter PG. When the axes are rectangular, then dp 
is called the principal parameter, or the lattis rectum. 

102. CoR. 3. If y^mx be the equation to any diameter^ 
then (86) the equation to the diameter conjugate to it will be 
either 

« b" 1 
a' m 

or y « + — . — . J-, 
a f« 

according as the curve is referred to antf system of conjugate 
diameters, or to the axes. 

103. Prob. 6. To find the co-ordinates of the points^ in 
which akiy diameter intersects the curve. 
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Let ysszmx he the equation to any diaroeter, 

fl V ± ft'* J^' = a'^b'^ that to the curve ; 

then, the co-ordinates required will be obtained by eliminatioa 
batween these two equations. 

Hence, 

(1) in the eUipse, x - ^(^."^^^yy .«d y - AaW+b^) ' 

(2) in the hyperboU, x^-^^^-^^, ^^y^^^^-^^^. 

It appears, therefore, that in the ellipse, any diameter what- 
ever will always meet the curve, and that in the hyperbola, a 
diameter can meet the curve only when V* — d'^nC is positive, 

y 

or, m < - . 
a 

6' . 

If m > -> , the diameter never meets the curve. 

and if fii =: -7^ the diameter meets the cur^e only at a point 

a . . • » . 

infinitely distant. • 

Let Pp, Dd^ be apy two conjugate diameters, then/if Q} 
be drawn through P, parallel and equal to Jid^ and C 0, Cy 
be joined, and produced to JZ, is the diametei's CX Ct will 
intersect the hyperbola at an infinite distance, and will separate 
those diameters which meet, from those which can never me^t, 
the curve. 

The lines CZ^ Ct are called asymptotes, and are defined by 

u • :.*' 

the equation V = ± -/ J^ 

a 

104. CoR. When the abscissa is supposed to be indefinitely 
great, it follows that the ordinate to the hyperbola must equal 
the ordinate to the asymptote* 

In fact, y=r± -7 l/(x*-0 
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a 
vifhen X is infinitely great. 

105. Hence, if the equation to a curve be reducUte 4othe 
form 

. c d 
y=^ax + b+ - +— + 



the straight line y=^ax + b is an asymptote to the curve. 

c d 

For if X be assumed indefinitely great, then " + 3J + • • ia 

X XT 

indefinitely small, and, therefore^ the ordinate to the curve be- 
comes equal to the ordinate of the straight lineys5tfr + 6. 

106. It has already been remarked, that the equation to the 
ellipse becomes the equation to the hyperbola, whea the sign of 
// or of b'^ in the former curve is changed. From the close 
analogy thus subsisting between these curves^ it is evident, tbajt 
the properties of the one must be deducible immediately from 
those of the other. For the sake of brevity, therefore, we shall, 
in what follows, comprehend both curves in the enunciation of 
any proposition, and shall deem it sufficient to give a demon- 
stration in the case of the ellipse, which occurs the more fre* 
quently of the two in mathematical inquiries. 

Any peculiarity that presents itself either in the nature or 
proof of the proposition, when applied to the hyperbola, shall 
be noted and explained. 



CHAP. III. 



ON THE PROPEBTIES OF TANGENTS TO THE ELLIP5E 

^Nb HTPERIIOLA. 

\0*J.. Def. a TANGENT to a line of the second order is 
a straight line tliat meets the curvei and being produced, 
does not cut it. That part of the axis, intercepted betwe^^ 
the foot of the ordinate, and the point where the tangent .meets 
the axis is called the mb-tangent. 

Hence, if a straight line be drawn cutting the curve, and the 
two points of section be then supposed to coincide^ the secant 
will become a tangent. It is on this principle that. we shall 
resolve the following problem. 

108. Prop. 1. To draw a tangent at a given point .(j/,^), 
in the ellipse and hyperbola. 

The equation to a secant drawn through this point, is 

y-y=m(x-x') (0, 

(m) being indeterminate* \ 

Now, as x\ y , are the co-ordinates of a point in the Curve, 
tlMly will satisfy the general e<}iiation 

flV ± 6'*^' =± «''*'; 

we have, therefore^ 



» » 
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and subtracting the lower from the upper equation » 

a" if - y") = + b" (T* - x% 

or a^Cy+yXy-yOtsTi'^Cx + aOCr-xO; 

hence^ replacing if — if' by its value in (l), and dividing die 
result by X — x, we have 

a'*m(if+y')=:+b'*(x+ x). 

If now the points of the section be supposed to coin^de. x^i/p. 
and y —y, and the secant becomes a tangent ; 

' •••'"=•♦■ 7 y' 

this value of (m) being substituted in (1), the equation to the 
tangent becomes 

y-y= + -^^ . - (x — x). . . . .(1), 

^ y 

the upper sign being used for the ellipse, the lower for the 
hyperbola. 

109* CoR. 1. The equation to the tangent just deduced 
becomes, on reduction, 

^ yy ±0 X X =^ ■x.a o , 

This form of the equation is the one most frequently employed. 

If y=zy\ and x=^x\ we again fall upon the general equation 
to the ellipse and hyperbola. 

110. CoR. 2. It appears, by referring back to Art. ]0£, 
that the tangent, drawn at the extremity of any diameter^ is parallel 
to the corresponding conjugate diameter. 

Hence^ in the ellipse^ if tangents be drawn at the extremities 
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of any two conjagate diameters^ Pp, Dd {6g. 5I.X » pardl- 
lelogram N» will thus be foimed, which circumscribes the 
ellipse. 

In the hyperbola^ there can be only two tangents drawn^ aince 
the conjugate diameter Dd doea not meet the curve^ (fig. 52.); 

» 

111. In finding the equation to the tangent, we have 
assumed as axes any system whatever of conjugate diameters. 
It is frequently convenient, however, to employ rectangular 
co-ordinates^ in which case, the equation will have the same 
form as before, the conjugate diameters %a and 2 b' being 
merely replaced by the axes of the curve. The equation will 
therefore be 

a'^Sy±b*xx^ ±a*b^. 

Dbf. If from the point of contact P, a line be drawn at right 
angles to the tangent, meeting the major axis in 6> then PG is 
called the normal^ and GM the sub-normaL 

112. Pkop. 2. To find the equation to the normal. 

The normal being drawn through the point (x, y), at right 
angles to the tangent, its equation will be, by Prop. 1^ 

O X 

the upper sign for the ellipse, the lower for the hyperbola. 

113. Cob. Let ^sO; 

ay a 

ft 

which is the value of the sub-normal* 
Hence, the normal 
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and 



= ± * \/{«'- ^^* ^'*} • • • -(0, in the ellipse, 
= + - Y I ^ "; /^ - a*| (2), in the hyperbola. 



114. Prop. 3. If a tangent at any point Q in the ellipse 
or hyperbola meet any semi-conjugate diameters CJP, CD in 
T, t and QM, Qtn be parallel to CD, CP, it ia required to 
prove, that (fig. 53.) 

Cr.CJIf=CP*, 

and Ct .Cm^CD^.' 

The general equation to the tangent being ^ 



'C 



a CP" 



Lety = 0; /. x^CT=: ± -,= ;^v^; .-. CT.CM-CP'; 



X CM 



h'^ CD^ 
x = 0; .'. //= C7= ± -7- ==-7r~; •*. Ct.Cm=:CD\ 

y Lm 

Cor. 1. When the axes are rectangular^ 

CT.CM=^CA\ and C7.Cw = CB*. 

Cor. 2. The axes being still supposed rectangular. 



3 1 

a a 



a — X 



.'. Cr=-;; .-. Mr=- -/= 7^, in the ellipse, 

XXX 

n \ 
X — a 

aud = — —, — y in the hyperbola. 

this value being independent of the minor axi», it fbllpws 
that for all ellipses and hyperbolas, constructed on the same 
major axis, the sub-tangents corresponding to the same abscissa 
are equal : in other words, if the indefirrite ordinate MZ meet 
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tke ellipses amd hyperbolas described upon A V, in P, P'^ F'\ 
ifCi, then the tangents applied at these points will afl intersect 
the axis in the same poifU 1\ 

. Observation. When any cue of the ellipses described on the 
major axis becomes a circle, then if the ordinate MP to the 
^ven ellipse meet the circle hi Q, tangents applied at P and Q 
will intersect the asis in the same point. 

115. When the position of the point of contact is varied, tliere 

will be it eorre^jjiopditig chang0 in the acngle which the tangent 

makes with the axi»-major. ' In order^ therefore; to exatasoe this 

change of inclination of the tangent^ we shall consider what the 

_b^ x' 
quantity -4* ni • -r; becomes^ when different values are assigned 

to X . 

(1) In the ellipse (fig. 54 j 

m i= 5 • ^, l>ut y = ±- l/(a*- jr"). 

a jf a ^ 

^b \ 

/. m = 4- - . 



%fit x' ssO; in which case the point of contact is £y or ft ; ' 

then i7t = 0; hence the tangent at these points is parallel to 
AV^ and therefore coincides with the tangent at the same points 
to the circle^ described on JBft. 

Xet /= + a ; in which case the poirit of (Contact is A or F; 

then m being infinite, tde tangent at these points is perpen- 
dicular to AV^ and therefore coincides with the tangent 
jippUed at the same points to tke circle described on AV. Ifi' 
pass through all interm^diale degrees of magnitude between 
a ^and 0^ m will undei^o a corresponding variation from to 
faifiniiy ; therefore the tangent is incliAed at all possible angles 
to the axis-majon 

P 
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From B to Jy tod from ^ to F, it kiNikes an obtuat «ngl6 ; 
tad from A to by and from V to B, it mkoB an wtmtm isdgle* 

(2) In the hyperbola, (6g. 55.) 

m ^ ± - . 



— ^ i M- ■ • ■ J , 



Let x^ = ± a ; .*. ?» is iafinite. 

hmce the tangeat at il Md aft ViBtk right angleil «> ike teajoiir 
ioik, Mid therefore coincidiBB With tkt tahgent lip)>lbd at the 
Mae points to a ciivle described on AF. 

If the hyperbola be now referred to any system of ccfnjilgatlt 

diameters 

b' 1 

wi = + — . 



-'Wo-^y 



Suppose that x become;! infinitely great, then 

V 
wi = ± -; 
a 

that isj the tangent to the hyperbola at a point infinitely distant, 
makes a finite angie with the axis. Now in general^ {Art. 1^5.) 

CjP ss -7 , which^ when x is infinite, becomes ; ibereiPore 

^ ■)-> . 

the tangent in this case passes through the ^ejl^re. 

Whence it appears^ that when the point of contact is infinkefy 
distant, the tangent becomes an asymptote. 

. 1 16. Prop. 7. If at the extremities of any diameter PpyVmtt 
ke drawn tangents meeting a tangent ^applied at any othdr^ point 
'Q in the points T, t, then PT.pt ^ CD^ (fig. 56.) 

Let the curve be referred to the conjugate diameters Pf^ Dd 
as axes^ then, the equation to the tangent being 
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hetxy^a; .\ a** yy' ^ V* a' {a -^ x) \ 

••. y=-7~,(a-xO= FT. 

y « 

Similarly, if Jp= -^a, v= -j-rC^' +^') = P*; 

ay 

therefore^ muhiplyin|[ toge()l^r tbeae vahpes^ we have 

A similar mode of proof ia applicable to'the hyperbola. . 

Cor. If the axes be rectangular, AT. Ft=B(?, (fig. 57.) 
Hence^ ia the circle, -IT. jB< = A 

117. . Pi^op. 8. If CJP, CjO, be ^ gjyen pyrtem of s^mi- 
copjugate diametqrsy «n4 CP^^ CZ)^ any other systeii)^ then if ^ 
tangent at P meet CP^, CD in the points T, /, 

For CP, CJ) liejing 8«B|i)mief| a| t^i? ^e§, tht^jequi^tionis tq gP', 
Ciy will be 

3>f=«»x, and 5» = --«Q*- 

t 

Now let x^u \ ♦*. y or PT^ma 

and Pi sj= ^ 



fttf 



am 



therefore, multipilying thes;^ values together, 

It^ay, in like manner be shewn^ that in the hyperbola. 
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The reason why the sign of the product is negatiire io flie 
ellipse, and positive in the hyperbola, is^ that Pl\ Pt lie on 
different sides of CP in the former, and on the same ride of it. 
ifi the lalter. 

* ■ 

CoE. If the conjugate diameters which the tangent mejeta be 
the axeS; then 

PT.Pt = CD\ (fig. 58.) 
In the circle, PT. Pt = CP\ (fig. 59.) 

118* Prop. 9. To draw a tangent to |he ellipse apid hyperr 
bola from a given point (ci, j3) without the curve. 

Let the curve be^ referred to its principal diameters : then 
if x', y be the co-ordinates of the point of contact, 

will be the equation to the tangent; x\ and y being supposed 
unknown. 

Now a, /3 beinf the co-ordinates of a point in the tangen^ 
these quantities^ when substituted for x and y, will satisfy the 
above equation ; 

.-. aV,/3 + iV.a = a^6* (I). 

But since {x^, y) is a point in the curve, we have 

ay* + 6'x'* = aV (2). 

Hence, the quantities sought, x- and y, will be obtained, by 
elimination, from equations (1) and (2): and since the latter is a 
quadratic^ there will be two points of contact ; in other words, 
two tangents to the ellipse or hyperbola, may be drawn from 
a given point without the curve. 

It will be easier, however, instead of actually combining thesf 
equations, to construct the loci to which they belong, since their 
intersection will evidently determine the points of contact. 
Now the locus of equation (9) is the curve itself, and since 
equation (I) represents a straight line, it can be no other than 
the line which joins the points of contact. 
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Whence the two tangents may thus be drawn. 

Let Q (fig. 60.) be the given point (a, /3), then in the equation 

^^y=o; .•.x' = l = cr, 

a 

j/=o; .-.y = - = a, 

draw Tt meeting the curve in the points P, p, then, the lines 
QP, Qp will be the tangents required. 



CHAP. IV. 



ON THB PROPBRTI9S OF CONJUGATE DIAMBTBBS 
IN TQS ELLIPSE AND HYPERBOLA* 

119» Prop. l. Any two conjugate diameters of known 
inclination being given^ to find the magnitude and directioii of 
the principal diameters. 

Ijet 9, a, 9,y be the conjugate diameters, y the angle 
which they form^ and suppose the curve referred to thcMe di* 
ameters as axes. 



• 



It was shewn in Art. 115, that the tangent to an ellipsei at 
the extremity of either of the principal diameters coincides 
with the tangent at the same point in the circle described on 
that diameter. This property suggests a simple method of re- 
solving the proposed question. 

Let x\ y be the co-ordinates of the extremity of either prin- 
cipal diameter^ and 2r its length. 

Then the equation to the tangent at {^x\ y) in the ellipse is 

a^yy + b^xx^a%^ (1), 

and that to the tangent at the same point in the circle described 
upon 2r is 

(y 4- X cos y) y + {x + y cos y) x = r^ (2), 

and since the tangents represented by these equations coincide, 
we have, equating the corresponding terms, 
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Aerefore, e1iiiiisilii^|.y*, 

haioe^ tenhipisritig Mf and itiimigiiig tfce rMttlt> 

,^= fl+L ± J /{a'« +*'*+« a'**" cos «7}. 

These two valuer of r* being always real and positive^ there 
are in the ellipse, fotkt values of t, two of which are eqaal, with 
opposite signs, to the otber iwo. Henoe^ <the ellipse has two 
real principal diameters. * 

AlsOj ^ s -] — ^ • cos 7 ; therefore the inclination of each 
X r '^ 

diamtBtef US' knowtt. 

In 4be hyperbola^ o" and b"* hnw diflfereot signs ; 

whence one of the values of r^ is negative, and two values 
therefore of r imaginary. 

The hyperbola therefore has only one real principal diameter. 

120. Cob. 1. Lrt a^ '&^ be the coots of equation (d), then^ 
by the theory of equations^ we blive 

a* + 6'==a*+6^ ^..(1), 

ah =stf 6' im y.. («). 



From the former of these equations we infer^ that ** in the 
eS^, iht n^>*f}dik^«fiiBM/of tey l«r«. cfa^^iflgitPiiilfMViateif 
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is equal to the.jttiii of the squares of the principal duunetera:" 
from the latter, that *' the parallelogram^ constructed upon anj 
two conjugate diameters, is equal to the rectangle cootained bj 
the principal diameters ;" in other words, that *' the area of aU 
circumscribing parallelograms, whose sides are^paraUel to amf 
two conjugate diameters^ is constant.'' 

It may in like manner be proved, that ^*.in the hjperboh, die 
difference of the squares of any two conjugate diameten is equal 
to the difference of the squares of the principal diameters :" and 
that ^^ the area of all inscribed parallelograms, of which the sUa 
are paralkl to any two conjugate diameters, is constant.'* 

121. CoK. 2. From P let a perpendicular PF be dropped 
upon CD, and let PF^p. 

Then p = CP sin PCD = a' sin 7 ; 
.'. p • 6' = ah' sin 7 = flfi ; 



ah 



ah 



-^^ in the ellipse. 



ft' l/(a« + ft*-a'*) 

ah 

and = y. ,, . -a a\ y ^^ *® hyperbola. 

v(a* + ft— a) 

122. Cor. 3. It was shewn, (113.) that in the ellipse 
the normal PG^ V {«'- — T^ ^*| • 



Now PP= 



ah 



l/(a*-hft*-0 
. ah 



A'--- 






Since a* = ft'+ ^^ x* (97) ; 

o 

.-. PF.PG = ft* = JBC'; 
a proposition wUch is true also when applied to the hyperbola^ 
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' 123. 'Dfep. The two stra^ht lines, which are drawn from* the 
extremities of any diameter in the ellipse and hyperbola to any 
point in the cnrve^ are called' supplemental chords, 

124. Pbop. 2. If m, m, be the constant coefficients in 
the equations to any two supplemental chords^ then mm = + ~7i 
in the ellipse or hyperbola respectively* 

The curve being referred to any system of conjugate dia- 
meters, let PCp be any assumed diameter^ and Q any point, 
join PQy pQ. 

Now, if the co-ordinates of P be x',y, those of p will be 

therefore^ the equation to ¥0, is y^y'^tn {x-^ x\ 

and that to pQ is y+y' = »»'(x + a:0» 

At the point of intersection of QP, Qp, the co-ordinates are 
identical; therefore^ multiplying these equations together^ we 
have 

y« — y'« = in m' (j:* — j:'") ; 



.'. mm 

OP'— x^ a 



I = V-^» = •*• + -T.; Art. 99. 



the upper sign for the ellipse^ the lower for the hyperbola. 

125. Cor. 1. Let the axes be rectangular, then m^ m!, are 
tlie tangents of the angles which QPj Qp make with the major 

axis ; therefore the product of these tangents = + -^ . 

a 

Hence^ when the diameter Pp coincides with the major axis, 
if AQ, VQ, be drawn to any point in the ellipse, 

6* 
tan QAX . tan QFJf = T -s . 

• ■■ a • ■■ 
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126. Cor. 2. By Art. 102. ihe equatkiq to tmgt tyeo^ Qon- 
jygate diameters are * 

.ft'* 1 

and since the product of the coelGEici^ats in thes^ equations is 
~ + ~^ it follows that ^^ ^t£70 diameters drawn parall^ to 
any two supplemental chords^ are conjugate to one another. 

Again^ each of these conjugate diameters bekig paralM to 
the tangent applied at the extremity of the other, il is evidi9Bt 
that the tangents themselves are, parallel to the same supple^ 
mental chords. 

127. Prop. 3. An ellipj^e or hyperbola being, traced on a 
plane^ it is required to draw a diameter that shall be conjugate 
to a given diameter. 

Let Pp be the given diametei', draw any otbet whatever 
HCKy through H draw HQ parallel to Pp, join QK ; then, 
if the diameter Dd be drawn parallel to QK, it will be con- 
jugate to Pp ; as is evident from the last article. 

128. Cor, 1. Hence is derived a simple method of draw- 
ing a tangent to an ellipse and hyperbola, from a given point 
in the curve. 

Find (89), the centre; make the same construction as in 
the proposition, with this difference, that PT, instead of Ddy 
is to be drawn parallel to QK ; then PT will obviously be the 
tangent required. 

If the major axis of the curve be supposed given^ the con- 
struction of the conjugate diameter and of the tangent will be 
simplified. 

128. Prop. 4. To find the angle contained by the sup- 
plemental chords, drawn from the extremities of the major axis. 
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Let iiQ, FQ be the given suppletnental chords, x'^ y the 
co-ordinates of Q^ then 

tan Q = tan {QAX— QVX) =» 777-= t^^f^ 

^ \ 1 +.tan QIX tan OVX 



1 + mm _ A** 

a 

Now m -m = -f^ - -71— = "tH^ = i = ? ^^J 

x—a X +a X —or _ a* ,, ay 



+ 7) 



•'. tan Q= -^a— = + 8 -..a . X — J 



the upper sign for the ellipse^ the lower for the hyperbola. 

Hence, the angle Q is obtuse in the former^ and acute in the 
latter. 

129. Cor. 1. In the ellipse, the airigle Q is the greatest 
possible, when y is so ; that is^ when y =b: the supplemental 
chords are, in this case^ equal ; and their inclination to the axis- 
major is 

tan-^±. - . 
a 

Hence, also, the conjugate diameters whi<ih are paralle^to tb^se 
chords, are equal to one another, and contain the greatest pos- 
sible angle. 

130. CoR. 2. In the hyperbola, the angle Q is the leasts 
when y is the greatest, possHf)r6;* l6l y' be supposed infinite, 
then the angle Q vanishes^ and the supplemental chords become 
parallel. Their inclination to the axis-major is easily found ; 
for in general. 
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mm = -5 = .\ m , since mssjn ; 
a 



a 
the chords, therefore, are^ in this case^ parallel to the asymptotes. 

131. Cor. 3. It appears, from a comparison of the last two 
corollaries^ that the asymptotes of the hyperbola are analogous to 
the equal conjugate diameters of the ellipse, 

Again^ since the inclination of the asymptotes in the one case, 

and of the equal conjugate diameters in the other^ = tan'-*^. -^ 

a 

it follows, that ^^if an ellipse and hyperbola be described od the 

same axis-major, the equal conjugate' diameters of the foroier 

will be asymptotes to the latter/' 



132. Prop. 5. To find the magnitude and inclination of 
the equal conjugate diameters of the ellipse. 

(1) Their magnitude. 

In general, a* + 6^ = a'* + 6'* ( 1 20) 

= .'. Qa^, when a=b'; 

(i) Their mutual inclination. 
In general, ab = a b' sm y 

= .'. a'^ sin Y, when a:=sb'; 
ab 2ab 



,\ sm 7 = -^ = 



fl'^ a^ + H' 
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Their inclination 'to the a^Lis-major is also known, since (129) 



it = tan ^ ± - • 

a 

In the common hyperbola^ there cannot be two equal conr 
jugate diameters, for since 

a' - b* = a" -b'\ 

if a' be supposed s &'^ then a mu8t=:6, that is, the hyperbola 
must he equilateral 

133. CoR. 1. It was shewn in (129) that of all systems of 
conjugate diameters, those that are equal contain the greatest 
angle* The same may be directly proved thus ; 



sm y = 



ab 



fLf 9 



a'b 



.*• PCd is a minimum^ or PCD a maximum^ when a 6 is a 
maximum ; that is^ when a' ^ b\ 

134. CoR. 2. Of all systems of conjugate diameters^ the 
sum of those that are rectangular is tiie least, and of those that 
are equal, the greatest. 

For a + 6' = V{a'^+ b'^+ 2a'b'\ 



^ V sm y) 



sm*/- 

hence, a' + b' is b, maximum when sin y is a minimum, that is^ 
when a' = b\ 

Also, a + 6' is a minimum, when sin 7 is a maximum, that is, 
when 7 = - , or the axes are rectangular. 

135. CoR. 3. The equation to the ellipse, when referred to 
its equal conjugate diameters, is 
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^hich 18 dislinguished from the equation to the cirde, of the 
same form> tiy tl>e axes being oblique. 

136. Prop. 6. In the ellipse, to draw two conjugate di- 
ameters that shall be inclined to one another at a given angle. 

Let the curve be referred to its principal diameters^ and let 
r/ denote the acute angle formed by the conjugate diameters. 

Since a' + 6'=± \/\a' + b^+^^ 0^), 

^ I sin y) 

and similarly, 

«'-6'=±\/{a' + i'-^}, 

^ i sm y^ 

we have^ adding ^md subtracting successively these equations^ 
therefore, the magnitude of the required diameters is known. 



s 



. , *^ J / _ ^^ - tan 7 

Aeam, smce mm a= r, and m = , 

^ a*' 1 -f witan7 

we have^ by substitution and reduction^ 

6» 



ft 
m' 



— ( 1 ; ) tan 7.m= j; 

\ a / a 



.'. »i=-'-^[(a»-A*) tan7± /{(a*- ft')' tan'7-4«V}}, 
these values of m will be real, if tan 7 > -j 



a*-ft'' 
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Now since y is acate^ it will be the least possible, when the 
diameters are equal, in which case tan 7 = -5 — -5, (133). 

Hence, except when the diameters are equal, the quantity under 
the radical is positive, and the values of m, therefore, are>eal. 

In the hyperbola,^ the elimination of b' will lead to an equation 
of the fourth degree, resolvable as a quadratic. 

137. Prop. 7. In the ellipse or hyperbola, let CP^ CD, be 
a given system of conjugate diameters, join D, P; from M 
any point in the curve draw Mm parallel to DP, meeting CP, 
CD in Nf Q: it is required to prove that 

JWrQ'±JtfN* = DP*, 
Referring the curve to CP and CD as axes, 

the equation to the point D is x=sO^ y^^ > 

and that to the point P is ^ = 0, x^d \ 

therefore the equation to DP is y=5 — (a —a?); 

hence^ that to ilfm, which is drawn parallel to DP^ is 

yr-y <= -,(x-x). 

Suppose, now, that x=0, then y—y = ; x, 

and X — x'= —x'l 

.'. MN^ = x'*+^^ x'*+i-, 3;'* cos x,y (55) 

a a 

= %{a"+b'*+ia'b' coax,y} (1). 
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Similarlj, 






(«); 



2 8 

.-. MC^ ± MN* = f |L + 5.) ia'*+b'* + i a'h' cos. x. y\ 

= a'* + i'* + 2a 6' cos r,y (99) 

Hence^ MCt + ilf N' is a constant quantity. 



CHAP. V. 



ON THB FOCI f ND POLAR EQUATIONS OF THB SLLIPSB 

AND HYPERBOLA. 

138. The equation to the ellipse, in terms of its principal 
parameter is • 

> 
"which^ when p^a, becomes the equation to the circle. It 

. appears^ then, that in the circle^ the ordinate drawn through the 

cefitre, is e^ual to half the principal parameter. 

From the analogy subsisting among lines of the second order, 
y/ve are thence naturally led to inquire whether the same property 

can be extended to the ellipse and hyperbola. 

• ■ ■ » 

139* Prop. 1. To find whether there be any point in the 
major axis of the ellipse and hyperbola^ at which the ordinate 
is equal to the principal semt'-parameter* ' 

The centre being supposed the origin^ let r be the abscissa 

of the point sought ; 

* • ' ' ' . ■ 

. Then in generally* =5 ± -r(fl*^j7*), 

Us . . ... 

and »« ^ , by. hypothesis. 

a 



, » . • 



R 
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therefore equating these values of y^, and dividing each tide by 

-s-, we have ± 6 = a — x ; 
a 

I 

there are two points, therefore, in the major axis, at which the 
property above enunciated obtains ; to determine them, from 
C, as a centre, with radius =c ^/(a*— i*) in the ellipse, and 
= V(c^'\-h^) in* the hyperbola, describe a circle cutting AV 
in the points S, H: then, S and JEf are the points required. 
Each of them is called the focus, and the distance of either from 
any point in the curve is called ihejocal distanci* 

140. CoR. ]• The distance of either focus from the centre^ is 
called the eccentricity , and is commonly denoted by ne; (e) 
being < 1 in the eUipse^ and > 1 in the hyperbola. 

141. Cob, 2. Since 1 — «**= ± -7, the equations to the 

a 

ellipse and hyperbola become^ by substitution^ 

142. Prop. 2. To find the distance of any point in the 
ellipse or hyperbola, from either focus. 

Let S, H be the foci, P any point in the curve, and r the 
distance sought. 

Then, ( 1 ) in the ellipse, r* = (j: - x'f + (y - yT- 

But y =0, since the foci are situated on the axis of or ; . 

= x^ - 2xx' + /* + (! -e*) (a*— j:*). 

Now if we confine otu* attention to the focus S, then 

T = .+ ae ; 
therefore^ substituting, 
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r*:=x*-2a«T+aV+(l-e')(a'-a:*) 
= «* — 2aejc+e*»*; 
.-. 5P=± («-««). 

Since r is not measured along a line given in poiition, the' 
rule for the interpretation of the signs is^ in this case> inappli- 
cable. The negative value of r beings therefore, merely 
symbolical^ is to be rejected ; Schol. p. 35. 

Hence, SP * a — e a: ; and similarly^ HP =:a+ex. 

(2) In like manner it may be proved^ that in the hyperbola, 

SP ssex-^a; and HP = ex-ra. 

The distance, therefore^ of either focus from any point in the 
curve, is a rational function of the corresponding abscissa. 

143. CoR. In the ellipse^ SP+HP^2a, 

and in the hyperbola^ HP — SP =^9, a, 

that is, in the ellipse, the sumj and in the hyperbola, the differ- 
ence, of the focal distances, is equal to the major axis. 

144. Observation. If the curve,*^ instead of being referred 
to its principal diameters, be referred to any system of con- 
jugate diameters, it may be proved, precisely as above, that in . 

the axis of Xy there are always two points, such that the cor- 
responding ordinate is equal to the semi-parameter : the abscissa 
being in that case J?= ± V^(a'* + 6'*). 

It thence follows, that if 2 a , 2 b\ be any two conjugate di- 
ametersy there are two points in the former analogous to the 
foci ; they are distinguished from the foci, properly so called, 
by this circumstance, that their distance from any point in the 
curve, is not a rational function of the abscissa. 

145. Prop. S. To find the polar equations to the ellipse 
and hyperbola, either focus being the pole. 

(l) To the ellipse. 

Let S be the focus, ZilSP=w, ' SP=:r (fig. 45.) 

The equation to the ellipse, ^hen referred to rectangular axes, 
is (141), 
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y* = (l-e«)(a«-x*) (1), 

hence^ in order to obtain the polar equation, it is only necessary 
to substitute r sin w for y^ and ae-\-r cos o) for x ; 

Equation (1) when thus transformed becomes 

r^ 8in*w = (1 — e*) {a* — (ae + r coisw)'}, 
whence, we have 



« 2(l-e^)flecosft> fl'(l— e^)^ 



-r — 

1 — e' cos' a> 1 — €* cos* o) 



.'. r= s s— { — (1 — e*)accos«±a(l — e*)} 

1 — € cos w - 

ov ± 1 — e cosw 

==a(l-e*)- ^ g— 

1 — e cos w 

Let the positive and negative sign be successively taken, and 
let the resulting values of r be denoted by /o, p ^ respectively ; 
then^ since 

1 — e' cos^ a> = (1 +€ cos w) (1 — e cos a>), 

we have 

p -^TT ^^)» 

1 + e cos a> 

p'^-a ^ ^""^ (2). 

' 1 — e cos a> 

(2) To the hyperbola. 

Let S be the focus, z JISP = w, and 5P = r (6g. 46). 

Then it may be proved, as in the case of the ellipse, that if 
p, p' denote the two values of r, 

' 1+€C08W 

a 

p'= - a ^ '^^ (2). . 

1— ecosw 

Cor. When the focus H is assumed as the pole, the equa- 
tions are in each case similar to those already obtainea. 
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146. Prop. 4. To trace the ellipse and hyperbola, by 
means of their polar equations. 

(1) To trace the ellipse ; 

Here p ^ a — ; , and p =— a . 

' l+e cos w 1 — c cos w 

Now (e) being Z 1, the numerator I — e^ is positive, and 
since cos w cannot exceed the radius, the denominator is also 
positive. Whence, of these two values of r, the first is es- 
sentially positive, and the second essentially negative ; therefore, 
consistently with the principles stated in the Schol. p. 35, and 
in Art 80, the value of /o' must be considered imaginary. It 
is only necessary, therefore, to discuss the first value of r. 

Now let w= 0; /• p= a =a (1 — e) =5-4, 

' ^ l+e 



IT 

0)= -: 

2' 



• • 






a 



1-e^ 



Qy=7r; /. /o= a =a(l-fe)=SF, 

2 ^ ^ a 

0)= Stt; .\ p=:a (I — e) = SA. 

The different points of the ellipse may, therefore, be determined 
by supposing the angle o) to vary from to 360^; the radius 
vector r being, in all cases, positive. 

(2) To trace the hyperbola; 

w g^-1 . / e'-l 
Here p == a — , and p =a • 

l+e cos w ' ecoscu— 1 

Since e > 1, the numerator of each is positive, and the signs 
of p and p will depend on the sign of the denominator. Now 
if w be acute, cos w is positive, therefore, p is always real, and 
p' will be real or imaginary, according as e cos w — 1 is > or 
< 0. Again, if w be obtuse, cos w is negative, whence p is 
always imaginary, and p will be real or imaginary, according as 
1— e cos 01 > or < 0, 
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Consequently^ of these two values of r^ neither is essentially 
positive nor essentially negative : in order, therefore^ to determme 
the curve, vire must discuss each of them separately. 

First, to discuss p. 

e'-l 
Leta)=:0; /. p = a =a(e— l) = 5il. 



e— 1 



w 



2 ^ 1 



a 



o) > - ; .'. cos a> being negative, p will increase^ and it 

will continue to do so, until 1 — ecosa) = 0, when it will be- 
come in6nite. The value of w is then 

= cos""^ - =sec'"^ e = tan*^ V^(e*— l) = tan'~^± -, 
e a 

in which^ since ta is obtuse, the lower sign must be taken. 

Now tan"^— - is the inclination of the asymptote to the 

a 

axis (103); therefore, when p is parallel to CR it becomes 

infinite. 

Let 01= 7r; .'. p being negative, is imaginary. 

Let vD be now reckoned below AX\ then, since the cosine 
of an arc is the same whether the arc be positive or negative, 
the values of p in the branch A z may be found precisely as 
before. Wherefore, p determines exclusively the right hand 
branch of the hyperbola, the angle w being supposed to vary 

-1 * 
from to tan . 



Next, to discuss p. 
Let co = 0; .'. p' ^a 



irl 

e — 1 



= a(e+l) = 5r, 



ft)< -; /. cos CO being positive, p increases; and it will 
continue to do so imtil e cos co— 1=0, when it becomes infinite* 
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In this cas^y itf==:co8*^ -' =tan+ - ^ in which the upper sign 

e a 

must be used, since co is acute. 

But tan"^ + ~ is the inclination of the asymptote CR' to the 
axis ; therefore, when p' is parallel to CR\ it becomes infinite. 

Let 01 = •'; .\ p' being negative^ w is imaginary. 

In like manner^ the lower branch Vz may be traced. 
Wherefore, p' belongs exclusively to the left hand branch of 

the hyperbola^ w being made to vary from to tan~^ + *-' . 

a 

It appears from this discussion^ that of the two values of r, 
one is appropriated to the right hand branch of the hyperbola, 
and the other to the left; in the ellipse, on the contrary, one 
value of r is symbolical^ and the curve may be completely traced 
by means of the other. 

147* Prop. 5. To find the locus of a point, the sum or 
difference of whose distances from two fixt points is given. 

Let Sy H be the two fixt points, P the point whose locus is 
sought. 

Bisect SH in C, drop the perpendicular PM on SH, pro- 
duce HS to A, and assume 

SP-r, HP^r, z PSil=«, 
Cilf=x, MP=y, and SC^c. 

(1) Suppose the sum to be given, and to = 2 a. 

Then f^=/+(c- a:)*. .. . (1), 

and r*=:/ + (c+j)* (2); 

.-. r'*-r^ = (c + x)^-(c-xf =4cx, 
but /*-r* = (r+r)(r-r) = 2a(r-r); 

.', 2a (r — r) = 4car; .*. r — r = . 

a 
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CX 

Now / +r = 2fl> .\ r=ia'\ • 

a 



CX 



(3)> 



and r^a '^ — (4). 

a 

Taking the second of these equations^ and substitating in it for 
xits equivalent c + r cos o)^ we have 



r = a — 



/. r = 



- (c + ^ COS 0)) ; 
a 


a — c 


a + c cos w^ 



which (145) is the polar equation to an ellipse* The locus^ 
therefore^ of P is an ellipse whose yba are S, H, and whose 
major axis is = 2a. 

(2) If the difference be given, it may^ in like manner^ be 
sbewn^ that 



1 9 

c — a 



r =: 



a'^rc cos ta 
which is the polar equation to an hyperbola. 

The locus^ therefore, in this case is an hyperbola, whose foci 
are S, Hy and whose major axis = 2 a. 

148. CoR. If it were required to deduce the algebraic 
equations to the point P, we proceed as follows: 

(1) Let the sum of the distances be given. 

Squaring each of the equations (3) and (4), and adding the 
result^ we have 

r' + r" = 2(a- + J*'), 

but r«+/* = 2(y* + c*+A 
from equations (1) and (2); therefore equating these values, 

2 I 1 2 . 2 I 2 

a +— «^ =3^ -fc^ + x^i 
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= 2— (a*-j?). 

a 



Let x = 0; /. y* = a*— c* = ft*, if i = the ordinate drawn 
from C; 



a 



ivhich is the equation to an ellipse whose axes are 9, a and 2b j 
and whose centre is C. 

(2) In the same manner, when the difference of the distances 
is given, the equation to the point P is 

M'hich represents an hyperbola^ whose axes are 2a, 2b, and 
whose centre is C. 

149. Prop. 7. To find the polar equation to the ellipse and 
hyperbola, the centre being the pole. 

(1) To the ellipse. . 

Let CP = p, JLPCA^e, 
thenp* = x*+/=a:*+(l-e')(a'-^*) 

= ey cos'0+aVl-c"); 
.-. p^(l-e'cos*0) = a*(l-e'); 

4/ 1-^* 
^ ^ 1 - e* cos' 

(2) To the hyperbola. 



Since e > I, we have, in this case, 



= a\/ 



e'-l 



e«cos*e-r 



S 
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In each curve p is to be considered positive^ and the ii^;ativc 
value of p obtained by extracting the square root is to be rejected 
as imaginary. ' 

150. CoR. In the ellipse^ 

Since 6 = a l/(l — e*) ; 

/. p = fc (1 - e* cos* 6)-*. 

Now when the eccentricity is very small, we may, without 
any sensible error, neglect the powers of (e) above the second; 
therefore^ developing^ we have 

p = 6 (1 +§ e* cos*0), nearly; 

.-. p-fcssf 6€*cos*0 (1). 

Similarly, a — /t>=|-ae' sin*0 (2). 

Hence, '' in ellipses of small eccentricity, the increment of 
the radius vector, in moving from B towards A, is very nearly 
proportional to cos^ PCA ; and its decrement ^ in moving from 
A towards B, is very nearly proportional to sin* PCA.* 

151. Prop. 8. The rectangle contained by the focal dist- 
ances of any point, is equal to the square of the semi-diameter 
conjugate to that which passes through the given point. 

(1) In the ellipse, 

= a^ + i'-(:r«+/) 

= a*-^^^:r* = a«-eV (1). 

a 

Now a* — eV = (a + ei') (a — ex) 

= .-. HP.SP..{2)i 
therefore, equating (1) and (2), 

SP,PH=^CD\ 

(2) The method of proof is precisely similar in the hyperbola. 
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152. Prop. 9. In the ellipse and hyperbola, the normal at 
any point bisects the angle formed by the focal distances* 

For CG^CM-'MG = x.(l + -i) = •'• e'*; 

SG _. SC-CG _ ae-e^x _ a- ex _ ^ SP 
' • HG" SC + CG""ae+e*^'"a + ex"" ''' HP* 

' therefore, (Eucl. vi. 3.) the / SPH is bisected by PG. 

153. Cor. Hence, the focal distances make equal angles 
with the tangent ; a property which suggests an obvious method 
of drawing a tangent geometrically at a given point in the given 
curve. 

154. Prop. 10. If perpendiculars be dropped from the 
foci upon the tangent at any point, the rectangle contained by 
them is equal to the square of the semi-axis minor. 

Let the perpendiculars 8Y, HZ be dropped from the foci 
on the tangent at any point P (x', y), 

then SY.HZ= BC, (fig. 60.) 

For SY - ST. sin T = (CT- CS) sin T 



= (|-ae)sinr. 



Similarly, HZ=ztt.^ ae) sin T; 



2 

7 
X 

2 



4 " 

.'. SY. HZ=(^- aV) sin* r = ^ (a*-«y») sin' 7(1) 

^X ' X 

t? X 

Now tan r s 5 . -, (108); 

(C y 

, , ^ tan^ r A' t'^ 

.-. sm*r = 



H-tanT'^Va^-e^x"* 
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therefore, b; subatilutioB in (1), we have 

SY.HZ=b*z=^BC 

The propositioii is proved in precisely the same manner in 
the hjperbola. 

155. Cor. Since the focal distances make equal angles 
with the tangent, the triangles SPYj HPZ are similar, 

HP 

.'.HZ^SY.^i 

JJ"P 

op 

r.SY^^BC.—. 

het SY^p, SP=^r, then p* = 6*.— =- in the ellipse or 
hyperbola^ respectively, 

156. Prop, 11. To find the locus of the points Fand Z^ 
(fig. 60.) 

From T drop the perpendicular TQ on DC produced, and let 
YS meet CQ in the point q. Then 

CY^^Cq^ + qY^=Cq^+T& 

X* 



4 



a* 



*.,aV r- — (eV-a') sin* T (I), 



ft« x'* .. X 



n 



but sin^r = -9---i---i75i=(i-«*)3r~j:;7i5 
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tberefore substituting this value in (1)^ we have 



« ; 



In like manner, CiZ = a. 

Hence the locus of the points Y^ Z is n circle whose diameter 
is the major axis. 



ir . 1. ' 



CHAP. n. 






OH TH» PABABOtiA. : r ,-*j:f.! 

t 

157. SiNCB the parabola isonly a species of the elBpse or 
hyperbola, its equation may be immediately deduced Iraiii tliat 
to either of the latter curves, by supposing the centit remimd to 
an infinite dbtance; The different properties of Ae pffabola 
mighty in like manner^ be inferred from the analogous ones of 
the ellipse and hyperbola ; but it will be more smtisfaGtorf to 
derive them at' once from its equation. 

158. Prop. 1. To find the equation to die puftbola, 
when referred to rectangular azes^ (fig. 6l.) 

The equation to the ellipse and hyperbola, in terms of Am 
principal parameter is^ (101) 

y* = 2px + - j:' (1). 

a 

l? a* — aV (a + ««)(« — a«) 

Here p = — = = , 

■ a a a 

Now a.— ae = ii5', 

and a + ae = 2a, 

whtn the centre is infinitely distant; 

2AS.a 

.'. p = = *2AS, 

a 

V qAS 

and - = y 

a a 



ON TH£ PARABOLA. 



143 



which is a quantity indefinitely small; therefore equation (1) 
becomes, by substitution^ 

if p be assumed = 24'^* 

The point <S is called the focus, A the principal vertex, and 
thb line AX the axis, of the parabola. The principal parameter 
is sometimes called the latus rectum. 

1 59* Cor. There is only one focus in the axis of the parabola. 

For the focus being that point at which the ordinate is equal 
to the demi-parameter, 

y* =p*, and also = 2/?x ; 
.\x^^-AS. 

l6o. Prop. 2. To trace the figure of the parabola by means 
of its equation. 

Since y = ± V^Spx. 

For each value of x there are two equal values of y with 
opposite signs. 

Let x^O; .*. y =0. 
Hence the curve passes through the origin. 

I 

In proportion as x increases, y increases, and when x becomes 
infinitely greats y likewise becomes so. 

Let X be negative, then y is imaginary, and no point of the 
parabola, is situated to the left of A. 

The parabola has, therefore^ the form assigned to it in the 
figure already referred to. 
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161. Pbop. 3. A parabola being traced upon a planej to 
find the position of its axis. 

Let PQ, pq he any two parallel chords, and through their 
middle points R, r draw rRZ, which will be a diameter ; from 
any point H of the parabola, drop HK perpendicular to irZ, 
and produce it to meet the curve in K ; bisect HK in L; then 
ALX being drawn paraHel to rZ, will be the axis required; 
as is quite evident. 

162. . Pbop. 4. To find the distance of any point from the 
focus. 

Let (r) be the distance sought ; then 






8 P 

= X — px + — h 2px 

the positive sign being alonl significant. 

Hence, if in SA produced, AB be taken = j1S = - , and BQ 

be drawn at right angles to JX, we shall have 

5P = AM+ AB=^BM=^PQ, 

in other words, the focal distance PS = the perpendicular disl- 
ance from a fixt line BZ. The parabola may, therefore, be con- 
sidered as the locus of a point whose distances from a fixt point, 
and from a line given in position, are alwavs equal. The line 
BZ is called the directrix. 
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163* Cob. The polar equatioii to the parabola is dedu- 
cible iouDediately from tfie foregoing propositiQB* - 

Let ASP'tmw. 

Then r^^+x 

=5 j»— r cof «; 
.•. r = , or = 



1 + cos to ^ ^^ 

164. Prop. 5. To find the equation to the parabola, when 
referred to any diameter and the tangent at its extremity as 
axes, the origin being on the curve. 

The corresponding equation to the ellipse and hyperbohi is 
(101) 

.y*««;>x+4x* (1). 

Here ;?= — = j (15l)=-7 (2a — r) == 2r .-7 7. 

a a a a a 

Now when the centre is infinitely distant, a^za', because, 
in general 



CP or a' = «\/—VA^- 



and, in the case supposed, = 0; .*. cos^ 9^1^ and a' = n ; 

/. o = 2r J :=z2r. since - vanishes; 

a a 

therefore^ substituting iq (1), 

t A T ^^ t 

a 

= .*. 4r4', 

which is the equation required. 

T 



■ ** 
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- The liM'4'ftP, *^hkh 'k the. TaUie' 6f^ ^MMittater ib tbe 
ellipse or hjpiMohi'.iiAlBti eidrer • pik9b$iskU>^m' p96NS^; is 
caUed tbe parameter of ike diam^er passing thro^^ ,;JP. 

Let dps4SP« 

Then- the eqoatiOD.to the panboui bec^Moies 

which is of the same fprm. ^jtb that lii (158)*. 

The axes te .whidt the parabola' is referred^ are, bj amiogy, 
caUed cof^ugate axes. i 

passing through p. ...j.: , . : * ^ ir\r^ ; , /■ 

4SP.Po=Q©*. U -) 

l66. Cor. £, j liq^^ of .the , second order, when referred to 
any diameter, and the tangent at itii extremity, may be (lefined 

by the equation, 

. _ ' • - ' f- . . 

y = mx + »jr*, 

(ii) <beii^ negative in the ellipse, pomtive in the byp^riboh, and 
equal to nothing in the parabola. 

167* Prop. 6. To find the equation, to a tangent, at any 
point (x\y) of a parabola; when referred to any system of 
conjugate diameters. 

The equation to a secant piassing through that point is 

y — y =m(x — /) (1). 

Now, y' = 2pjr, and y^^^px' ; 

' m 

therefore, subtracting, y t y'* = 2 p <x — x'), 

or (y +y) (y -y\ -^p{x- x), , 

and substituting for y^y\ its value in (1) . 
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(y +y) . w (x - J ) = 2|i (x - x), 

2p 
or «i= -^— -,. t 

Let now y ^y\ then the secant b^ecomes a tangent ; 

and TO = ^ ; 

y 

therefore^ the equation to the tangent is. 

y-y- -ipc—J) .-(2)1 

y 

or, by reduction^ 

yy — pix-^-x) (3). 

l68. CoR. 1. When the axes are rectangular, the equation 
to the tangent becomes ^ 

yy'—P (^:+ A P *>eing = 2 iiS ; 

and therefore, the equation to the normal is 

1 / y 

yy'= — "-("r + A «ry-y= — -(ar-arO. 

P P 

169* CoR^2. Hence may be found the magnitude of the 
sub-tangent, and of the sub-normal. 

« 

(1) Of the sub-tangent. 

In the equation to the tangent^ let y = ; 

.'. x + ar' = 0, or x= — x', 
that is, AM-ATy 

or MT = MA, that is, the sub-tangent is equal to twice the 
abscissa. 

(2) Of the sub-normal. 

The equation to the normal being 

1/ 

y-y = ■" p (^-^), 



V 
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if y = 0, dwn X — ff = ilfG ; 
thereJfiEnre, diyiding each side by y , — i =: - -- . MG ; 

•*. MG s= p as i- latus rectum, 

170. A tangent may be drawn to a parabola from a 
point widiout it, on the same principle with that employed 
in Art 118. 

For, let x\ y be the co-ordinates of the given pointy 

Xy y those of the point of contact. 
Then, the equation to the tangent is 

yy^pix-^x) (1), 

also, y* = %px ,. . . . (2). 

From these two equations x and y may be obtained by elimi- 
nation. 

But, instead of eliminating, it is more convenient to construct 
the loci of (1) and (2). Now, the former is the equation to the 
line joining the points of contact, and the latter, the equation 
to the parabola. Hence, the two tangents may be drawn. 

171. Prop. 7. If from the point of contact two straight 
lines be drawn, one to the focus and the other parallel to 
the axis, they will form equal angles with the tangent. 

For ST= S^ + iir=^+r, 

P 

and SP also = ^ + x: 

2 

.-. angle SPT= angle SrP = angle tPQ. 

172. CoR. This property leads to a simple method of 
drawing geometrically a tangent to a parabola. 

Let the point be in the parabola^ as at P, fig. 61. 
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From P draw PS to the focus^ and drop the perpendicular 
JfQ on the directrix, join QS: then, if PT be drawn per- 
pendicularly to SQ, it will be a tangent at P, as is evident. 

If the point be wi^uft the parabola, the construction is a 
little different : but it would be superfluous to dwell upon it^ as 
the analytical method above laid dovm is preferable. 
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ON THE ASYMPTOTES OF THE HTPERBOIiA. 

173. Prop* 1. The hyperbola u the only line of tbe 
second order^ that admits of asjpiptotes. 

Tbe general equation to lines of the second order, wheD tbe 
axes are supposed to be a system of conjugate diunetersy ongk^ 
nating at the principal vertex^ is 

therefore^ extracting the square root> 

"which is of the same form with that of the equation in Art; 105^ 
dierefore, x being assumed indefinitely great^ the equation to the 
rectilinear asymptotes is 

Now^ in the parabola n=:0; in the ellipse n is negative^ 
and therefore n^ is imaginaryi and in the hyperbola n is positive : 
hence, the hyperbola alone admits of asymptotes^ as was to be 
proved. 
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174. Gob. Compariog the equation y^ * mx + «x*, with 
&M to die bjperboU^ • 

ft'* 

we have m = — r j and » = — s ; 
' a a 

■ '.■••■" . • ■ 

therefore^ by substitution, the equation to the asynytotes be- 
comes 

At the point where the asymptotes intersect one another^ 

-jX + i'ssO, or x=— a', 
a 

Which is the abscisia of the centre. Henc^, the asymptotes 
meet at the centre, which agrees with what has been already 
stated. ^ 

Cor. When the axes are rectangular, and originate at the 
centre^ the equation to the asymptotes is 

b 
^ ^ a 

This equation becomes, in the Equilateral hyperbola, 

therefore, the asymptotes are at right angles to one another^ and 
each is inclined to the axis at an angle of 45^ 

175. Prop. 2. If a straight line be drawn through any 
point in the hyperbola, and be produced to^ meet the asymptotes, 
the parts intercepted between the curve and the asymptotes are 
equal (fig. 62.). 

Let RPpr be a line drawn through any point P^ and pro- 
duced both ways to meet the asymptotes in R and r : to prove 
that, PR=spr. 



\jei 4e hypeiboki ami iu Mymptotes be refenred tq the 
same system of conjugate diameters CX, CF, of vbich CX is 
parallel to JBr : then CX bisects the ordinate to the asymptotes 
as well as that to Uie curve; that is^ MR^Mr, and MP 
= Mp; .'. PR^pr. 

176. CoR. 1. Let Rr move parallel to itself till the two 
points Pyp coalesce^ then, Rr becomes a tangent to die hy- 
perboby tod therefore^ by the property above proved, is bi- 
sected at the point of contact. 

CoR. 2. Hence, PR.Pr^CD\ 

For PR.Prz=.(MR-MP){MR + MP) 

a a 

* 

177' Prop. 3. To find the equatiop to the hyperbola, 
virhen referred to its asymptotes (fig. 60*)* 

Let P be any point in the hyperbola, PM, MC its rectangular 
<:o-ordinates, PS, RC its co-ordinates referred to the ^ymp- 
totes CZ, Cz. 

Through R and P draw Rm, PQ parallel to PJf, CX 
respectively. 

^}, and angle RCX=s0. 
CR^x, RP=yr ^ 

The ai^npi of the problem is to express x' a^d y in tferms of 
X and y, since the equation sought will th^^ be obtained by 
substituting these values of x' and y\ in the equation 

u y — 0. X ^= '^a • 

Now y = PM- Uwi - HQ = CH sin UCX- PR sin RCX; 
.-. y^ix -y) sind, 

6 .6 1 



=(*'-y'>l?(7+F)' ""<^to»»=±- 
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Similirly, x = (/ +/ ) ^^^, _^ ^» ^ ; 
/. a*y^— 6*1^=5 ~4a:'y'*~'3 75 s= also — a* 6*; 

which is the equation required. 

Hence^ suppressing the accents, and denoting ^(a^+&^) by 
m', the equation to the hyperbola referred to its asymptotes, is 
xy = m*. 

178. CoR. !• If Pjp be drawn parallel to CR, then, the 
area of the parallelogram Up is constaqt. 

For its area = RC . Cp • sin RCz 

^m^mx,y, 

whence the truth of the corollary. 

179* Cor. 2. Let the axes be parallel to the asymptotes, 
and originate at a point (a, /3). 

Then x^a+x\ ^ 

•• • > ■ 

Substituting these values of x and y in the equation xy = m^, 
we have • ■ 

Comparifig diis Mth the eqtiation 

bjey.+ dy ^€X -^ftszo, 

it appears that the general equation, when deprived of the terjms 
involving y* and jt, represents kn hyperbola, referred to axes 
which are parallel to the asymptotes. 

180. Prop. 4. To find tl^e eqiiation to the tangent^ the 
asymptotes being the axes.' . ^ .. i 

U 
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The equation to a secant drawn through any two pewits (x\ y) 
and (x', y') is 



y-y»V-^(^-/) 0). 

X —X 

Now these points being in the hyperbola^ . ^ 

xy =!» =x y ; 
/. X y -xy =0; 
.'. subtracting and adding x'y\ we have 

X Jf -X y -xjf-i-xy =0, 
or if'(y''-y') + {x'-x')y=Oi 



ft 9 t 

. y -y .y . 



X —x 
therefore substituting in (1), we have 



y-y- ;;(j:-/). 

X 

Suppose now, that the points (x',y), and {x^^y') coincide; 
then the secant becomes a tangent^ and x" ^x\ y" =:y'; there* 
fore the equation to the tangent is 

9 

y_y=_^(x-T') ......... (2). 

This equation^ when reduced, assumes the very simple form 

xy '\-ffx ^9,n^ (^)* 

181. CoR. If a tangent applied at any point be produced 
to meet the asymptotes^ the area of the triangle tnus cut off is 
constant^ (fig. 64.) 

For in the equation xy -^ry^ ^Q.ni^ 
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_ Sin ___ 

Let y»Oi .-.* = —;-= Cy, 

.•• jftrea of triangle TC* = sio x, y . — 5- 
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=:2m^8in x« y, 
which is a constant qiiantity ; whence the truth of the Cor. 

182. Prop. 5. The asyipptotes, and one point ''in the 
curve being given; to find the direction aind magnitude of the 
principal diameters. 

(1) To fin() their direction. 

Bisect the angle, and the supplement of the angle^ contained 
by the asymptotes ; then the direction of the principal diameters 
is known. 

(2) To find their magnitude. 

The co-ordinates of the given point being j/>y, we have 
a' + 6'= 4xy..... ..(i), 

and ± T f^ tan^x^y (2), 

4 

whence^ a == ± 2 cos \x^y VJy\ 

As ±2 sin \x,y y/xy\ 

.*. the position and magnitude of the principal diameters are 
determined. 

183. The principal properties of the ellipse, hyperbola^ and 
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parabola, having now been deduced from their respective equations, 
we propose in the next place, to skew liow such properties as 
are common to the three curves^ may be inyestigated by means 
of their general equation. Previously^ however, to entering upon 
this inquiry, it may be useful to bring under review the various 
equations^ by which lines of the second order are characterized. 
These equations may be arranged as follpwa : 

I. Algebraical equations. 

(1) Let the curve be referred to its centre and principal 
diameter, then 

in the ellipse, y* = -5 (a — * ) 



a 
6* 



hyperbola, y* = — (jr* — a') 

circle, y"=: a*— x 
equilateralhyperbola^ y*= a?*— a* 

(i) Let the curve be referred to the principal diameter^ and 
the tangent at its vertax^ then 

in the ellipse, y^sz ^(Qax — x^) 

hyperbola, ^ = — (Q,ax + x^) 

parabola, y*= ^P^ 
circle, y^= 2ax- x^ 
equilateral hyperbola, y*= a:* — Sax 

The general equation is y^^mx + nx* 

which represents an ellipse, an hyperbola, a parabola, or a 
circle, according as n is negative^ positive y 0, or = — K 

When the curve is referred to any system of conjugate di- 
ameters, the equations will be of the same form, and may be 
obtained from those above given, by merely changing a and b 
into a and b\ 



SUMMARY OF THE DIFFERENT EQUATIONS, 

11. Polar equations. 

(0 Let the centre be assumed as the pole, then 

intheeUipse, r=av/j-?^:^ 

hypeAola, r=a\/^^^^^^ 

(2) Let either focus^ S for e^^ainple^ be the pole^ then 

in the ellipsie. r^^a. — ; : — 

i + coww; 

hyperbola^ r^a. — ; r- 

I +€ cos ftl 
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p^i.. ,= ^ 



COS«i 

III. Equationis between the radius vector and the perpcn* 
dicular dropped uffoa the tangent. 

(1) Let the centre be the pole; dren^ if Pbe the^rpen* 
dicubu^ and p the radius TeotQr» 

in the ellipse, P= ^^^a^^a^^a) 

(2) Let the focus 5 be the pole, then, if P' be the perpen- 
dicular, and r the radjius vector^ 

ia the ellipse. P' ^h V/ 

hyperbola, P' = 6 \/ 

parabola, P'== ^ipr 
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The equation to a secant drawn through any two points (x\y) 
and (x", y') is 

y-y - V^(x-x) (I). ^ 

Now these points beii^ in the hyperbola^ . ^ 

xy =!» =x y ; 
/. X y -xy =0; 
.'. subtracting and adding x'^y\ we have 

X y —x y --xy+x y =0, 

or a/'(y''-y) + (x'-x')y = 0; 

9f ' 9 ■ 9 ' • 

. y -y .1 . 

• • •," ^' "* •.''•* 

X '— X X 

therefore substituting in (1), we haye 

y t '\ 



y-y 



Suppose now, that the points {x\y), and (a?", y') coincide; 
then the secant becomes a tangent^ and x" ^x\ y'=^'; there- 
fore the equation to the tangent is 

y-y=--,(^-^') ......... (2). 



This equation^ when reduced, assumes the very simple form 

xy+yx' = 2m^ (^)* 

181. CoR. If a tangent applied at any point be produced 
to meet the asymptotes^ the area of the triangle thus ctit off is 
constant^ (fig. 64.) 

For in the equation xy +yT =2m^ 
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2 fit' 

, Let y -0; .-. jc = — ;- = Cy, 

xy 
/• jftrea of tnangle TCt^ sjo x, y . — 5- 
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= 2m\smx,y, 
which is a constant qiiantity ; whence the truth of the Cor. 

182. Prop. 5. The asyipptotes, and one point in the 
curve being given; to find the direction and magnitude of the 
principal diameters. 

( 1 ) To fin() their direction • 

Bisect the angle, and the supplement of the angle^ contained 
by the asymptotes ; then the direction of the principal diameters 
is known. 

(2) To find their magnitude. 

The co-ordinates of the given point being x^y^ we have 
aH6'= 4xy\.... ..(i), 

and ± ir^ tan^x^y (2), 

whence, a =? ± 2 cos § ^> y ^^y 9 
6sB ±2 sin ^x,y V'jy; 

•*. the position and magnitude of the principal diameters are 
determined. 

183. The principal properties of the ellipse, hyperbola^ and 
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« (/-/) (^' +/)+ i {x (/-/)+/ (r'- x")\ 
+c (x' + x") (x'- x") + rf Cy- /) + c (x' - a/") =0, 
or collecting the terms that bvolve y —y", x'— x", 

iy'-y") {acy+yO+ftx'+dj+Cx'-x") {*/+«<*'+*")+e} =0, 

u y ~y" ^y" + « c^' + *") + « 

whence -t —r. = -• -^^— r jr -—: , 

/ - x" a (y +/) + ^-p +rf 

this value of ' ■ '^^^ being substituted in (1), the equation to the 
secant is determined. 

Suppose, now, that the points of section coincide^ 

then x'^x", and y ^y\ 
and the secant becomes a tangent. 
Hence, the equation sought is 

/ hy •\' 2cx'+e , ,. 

^ ^ Qay+bx-i-d^ 

188. Cor. 1. Since ay'^+bxy-^ cx^-h dy +e^'+/=0, 
the equation to the tangent becomes, on reduction, 

{Q.ay-\-bx'-hd} y+{9.cx'-\-by -he} xH-dy+ea:'+2/=0. 

Note. The equation to the tangent is deducible from the 
equation to the curve, by the following rule: 

" Write down the general equation to the curve in two lines, 
one below the other : in the first line change x^, y*, xy, into 
xx\ yy, xy, and in the second change, x\ y , xy^ x,y into 
xx\ yy'y yx y x\ y\ add the two lines together, and their sum 
will be the equation sought." 

189. CoR. 2. If 6=0, or the curve be referred to axes which 
are parallel to a system of conjugate diameters, then the equation 
in the last Cor. becomes 

(Say'H- d) y -^ {Q,cx -{■ e) x ■\- dy -f ex -¥ 2/=0. 
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If, moreover, the origin be ou the curve, theiiy=0, and the 
equation becomes 

(2 ay + rf) y + (2 c j:' 4-^) ^ + dy -f ex = 0. 

190. Prop. 4. To draw a tangent to a line of the second 
order from a given point without it. 

Let Q (a, )3) be the given point. 

When the axes originate on the curve, and are parallel to a 
system of conjugate diameters, the equation to the tangent 
drawn through a given point {x\ y) in the curve, is 



(2fly+d)y + (2c/ + e) x + dy' + e:xf-0 (1). 

Now, since the given point Q is upon the tangent, the equation 
will be satisfied, if a, )3 be substituted for x, y ; 

.-. (2ay+d)^ + (2c^' + e)o + dy -f-6/ = 0. ...(2), 

or, altering the arrangement of the terms, since x\ y are now 
supposed to be unknown, 

(2a/3 + rf)y + (2ca-f-e)/ -f d)8 +ea = 0. •• .(S). 
But, [xy y) being a point in the curve, we have 

ay"^ + cx"^ -f dy 4- ear' = (4). 

Hence, x and y may be found by elimination between (3) 

and (4). 

It is more convenient, however, to determine the points of 
contact, as in Art. 118, by constructing theJoci of the foregoing 
equations. 

Now, the latter of these is the curve itself, and as the former 
represents a straight line, it must be the line joining the points 
of contact. This line being constructed, we arrive at the 
solution of the proposed question. 
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Cob. The line Pp^ which joins the points of contact^ will 
vary with the position of the point Q; let us suppose, however, 
that Pp always passes through a given point {a, /S') ; 

Then^ the equation to Pp will become^ on substitution of 
a, ^ for x\ y in (2) 

which is the equation to a straight line. 

Whence is derived the following theorem : ^^ if throu^ a 
given pointy within a line of the second order^ any number of 
chords be drawn, and tangents be applied at their extremities, 
the points of intersection of each pair of tangents will tie in 
a straight line." 

In like manner^ the converse of the theorem may be proved^ 
that '^ if from the different points of a straight line, given in 
position^ without a line of the second order^ tangents be drawn 
to the curve, the lines joining the points of contact of each pair 
of tangents, will all pass through the same point." 

191- Prop. 5. In a line of the second order, to find a 
point M. in the principal diameter AX, such that drawing any 
chord whatever PMp, and joining JP, Ap^ the angle PAp 
so formed may be a right angle. 

The curve being referred to AX^ and to the tangent at its 
extremity, as rectangular axes, we have 



y z:^7nX'\'nX 



(1). 



From the vertex A draw two chords AP^ Ap, at right angles 
to one another, and join Pp cutting AX in M: the aim of 
the problem is to find the value of AM, 

The equation to the chord AP being y=.aXy 

that to A » will be V ^ x\ 



'-M,' 



PBOPBBTIKS OF THE THBBE CCRTES. 



165 



tberefore, eliminatiDg y between each of these equations and 
equation (1), we have 

m + nx 



«iix + »x* = a*x*, or a* = 



X 



mx + na: =-5, or a*=: 



a m+»x 

therefore, equating these values of c^, 

(m+nxfszx*, 

or m = (l — n) x; 

m 

* f« ^— - • 

i^hence the point M is known. 

192. CoE. In the ellipse, m= , and n= — -j; 

a a 

26' a* 2a6* 

/. X = X 



a a^' + b^ a^ + b^' 

^ab^ 
In the hyperbola, x = -; — 7^ . 

a — b 

In the parabola^ x = m s? the latus rectum. 

193. Prop. 6. If through a given point within or without 
aline of the second order, t^vo straight lines of known incli- 
nation to the axes be drawn, the rectangles contained by the 
segments of each will have a given ratio to one another. 

Let P (a^ /3) be the given point. Mm and 'Sn any two lines 

drawn through P to meet the curve ; it is required to prove that 

MP.Pm . 

j^p^p^ 18 a given quantity. 

The equation to the curve, when referred to any diameter, 
and the tangent at its vertex, is 

y^sswix + wx* (1). 
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If the curve be now transformed to polar co-ordiMitea^ <»ng^ 
nating at P, we have, by the formulas of (78), if PM^r, 

sin r, y 

x = o +r-: , 

sm j:,^ 

>. sin r, a: 

yT=:p + r-. . 

sin x^y ^ 

m 

Substituting these values of x and y in (1)^ and arranging the 
result^ 

(wi+2fln)sinr,v— 26sinr,a: . i*— a(m+iwi).8ifa*j:,y 

r-3 =^-r-s .sinXyy.r-i — r-; r-g ^ = 0; 

sm r, X — n sm r,y sin r, j: — » sin r, y 

therefore, by the theory of equations, 

PM.Pm= , , ''"'''''^ , {6'-a(fii+»a)}. 

sm r, J — n sin r^y 

In like manner, if PN^r, 

PN.Pn= ,, T'^^'-y ,, [b^-aim+na)}. 
Bin r ,x—nsin r^y 



PM.Pm sin r,x — wsin r,y 
PN ,Pn sm r^ x — n sm r, y 

which is a given quantity, since the angles of inclination r, x^ 
and r,y; r, x, and r\y are supposed to be known. 

194. Cor. 1. Let the given inclination be equal to that of 
the axes^ that is> let Mm and Nn be parallel to ^F, AXj 
respectively. 

Then, since /.r'^ x^ 0, and ^f^yy^x^y^ 

%. 
/.Tf x^ x,y, and Z r, y = 0, 

, PjW. Pwi — n sin* x, y 
PN.Pn sm x,y 
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But in the ellipse or hyperbola, — »= + -^; 



1«7 



• • 



PM. Pm _,^ 



PN . Pn - a 



-=- _/'i 



Cor. 2. Let the point be within the curve^ and suppose 
Nn to be a diameter bisecting the chord Mm ; we have^ then, 
by the last Cor. 

PJir=±^.PN.Pw, 

a 

which is no other than the equation to the ellipse and hyperbola, 
when referred to conjugate diameters (100). 

The general equation to the parabola (l64) may, in like 
manner, be shewn to be a particular case of the proposition 
under consideration. 

CoR. 3. Let the secants move parallel to themselves, until 
they become tangents Pp, Pj; then 

In the circle, b' ^a \ .•. Pp^ Pq. 

195. Prop. 7. To find the locus of the point of inter- 
section of two tangents to a line of the second order, when 
the product of the trigonometrical tangents of their inclination 
to the axis is supposed constant. 

Let y=rar + 6 (I) 

be a straight line which cuts a line of the second order, 

y* = f»j:+fij:* . . .(2). 

referred to the principal diameter, and llie tangent at its vertex. 
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The abscissas of the pofaits of intersection will be found by 
eliminating y between these equations ; we have, therefore^ 

or, transposing and arranging, 

(a*-w)x*+(2a6-m)^ + i*=»0. ... .(3). 

Let the points of section be now supposed to coincide ; the 
secant will then become a tangent^ and the roots of equation 
(3) being equals the equation will be a complete square. 

Hence, 4(a*- w) 6*= (2fl6-iw)% 
or m^ — 4 6 (a»» — ftn)sssO; 

therefore^ substituting for h its value y — ax^ from eqoatioii (1), 
we have 

nS" — 4(y — ax) {am— n(y — flx)} =0; 
therefore, reducing and arranging the result by the powers of ay 



mx + nx mx + nx 



In like manner^ if the straight line 

y = ax + y touch the curve, 

^ ; — T ^ + ; — i" ""^•' 

mx-^-nx mx-i-nx 

Hence, by the theory of equations. 



mx'\'7ix' 



aa — , , 



.'. w^^ — waa'^* — maa':r + ^w* = (4). 
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Therefore^ the locus required is an hyperbola or ellipse, ac- 
cording as the coi|Stant quantity ad is positive or negative. 

I 

When n SB 0, or when the curve is a parabola, the equation 
becomes 

m 



. . x = 



4aa 



therefore, the locus in this case is a straight line^ at right angles 
to the axis. 

196. CoR.^1. The curve being supposed an ellipse or 
hyperbola, let ad^=^ + ^ < or the tangents be parallel to a 
system of conjugate diameters. 

Then equation (4) becomes 

a a 

a^ II a n 

but n = + "TT > *^ ** = "T^ > 
a a 

therefore, by substitution, 

a a 

Hencci in the ellipse and hyperbola, the locus of the inter- 
section of tangents drawn parallel to a system of conjugate 
diameters, is an ellipse or hyperbola. 

197- CoR. 2. If ad '=' — 1, or the tangents be at right 
angles to one another, 

Y 
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(beD> '«i^tiM (4) \mc6nics 

which is the equation to a circle. 

Hence^ in the ellipse and hyperbola, the locus of the in* 
tersection of pairs of tai^gents^ ^nrhidh form a right angle^ is 
a circle. 

In the parabola^ x= , 

4 

whence liie locus^ in ^is case^ is the direiitrix. 



CHAP: IX 



ON THE GENERAL DISCUSSSQlf OF I»I|fES OF THE 

SECOND OR9ER. 

\\ 

^ In this chapter, we shall suppose the axes to be inclined 
at any angt& wtratever, unless the contrary besp6cified» 

19$* Pltop. 1. To find when inline of the second Qt^er 
intersects the axes. 

The geueral e.^aUpD b^ipg 

Let y=^0, that is^ let the curve cut the axis of x. 
Then, cx* + eH^/=0; 

a c. ac - -^ ' 

which ^re the abscissas of the points of intersection. 

In order, therefore, that the intersection may take place, 
e* must > 4icf. 

If e^ < 4 c/^ the values of x are imaginary, and the curve 
does not meet the axis of x. 

If e* = 4 cf, the two values of x are equal, hence the points 
of section CQiinc.v}?j ^ud the curve toucji^s t^ie 9^ of 4f. 
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In like manner it may be shewn^ that according as <P > 
or < or = 4 af^ the curve intersects^ falls without, or touches 
the axis of y. 

199* Pbop. 2. To find when the curve intersects either 
of the diameters ££« JDS, fig. 62. 

The general equation being resolved in terms of x and jy 
successively, we have 

We shall first consider the former of these equations. 

hx '\- d 

When the curve intersects the diameter , the co- 

2a 

ordinates of the curve and of the diameter^ will be identical. 

Hence, the irrational part of the equation must vanish, and 

therefore, 

ii2^^ + 2J3x+C = 0; 

.-. a:= - :?± 4- l/(B"-^C). 
A ' A 

JO 

Assume ilO= — --, and OD, OU ^ on opposite sides of 

A 

O, each = -J V(]^-^AC), then, the two values of x are 

AD'y AD. 

In order, therefore, that the curve may intersect the diameter 
BR, B^ must > JC. 

If £^ < AC J then the curve does not meet the diameter. 

If B^ = ACy then the curve touches the diameter. 
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It may ber proved, in the same manner, that according as 
S* > or < or « JC^ the curve intersects, falls without, or 
touches the diameter DS. 

200. Cor. If AD = a^ and Aiy = )3, then the equation 

ilx' + 2 jBr+ C = becomes 
il(x— a)(x-/3)=:0. 

201. We now proceed to investigate the figure of the 
various curves comprised in the equation 

ay^ + ixy + cr* -^dy + ex +y=0. 
We have, as before, 

The natdre of the curve depends, it is manifest, on the ir* 
rational part of these equations. Now, r or y may be so 
assumed as to render the first term, in each case, greater than 
the sum of the two remaining terms. The sign, therefore, of the 
trinomials Ax^ + ^ Bx+C^ and Ay' + 2 jB'y + C, will depend 
on that of the first term, or, since x^ and y^ are necessarily 
positive, on that of A. 

We are thus led to divide lines of the second order into 
three species, characterized by the quantity A being negative, 
positive, or equal to nothing. 

In Art. 90, we arrived at the same conclusion, from different 
principles. 

202. Prop. 3. To trace the curve when A is negative, 
fig* 63. 

(1) Let ihe roots of the equation A (x - a), (j? — /3) = 
be real. 
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If or < o, or < AD, k must ako be < /3,. or < jijy ; «M:h 
factor Aea, J7 — a, ^~/3« beiag negative, theic prodoEt n 
positive^ and, therefore, A(x — a)(x — )3) is negaltfe*. 

Hence, tke values of y are imaginary , and aa part-: of the 
curve lies between A and D. 

If J7>a, but < fij that is, if (^) be of intermediate value 
between AD and ADf, then, x — a being positive^ and a: — /3 
fiegative, their product is n^ative^ and therefore, 

il (i'-a)(j:-/3) 
is positive. 

Hence, for each assumed value of x, there are two real values 
of tff equal and with, opposite signs. 

If a: > a', or if x be negative y the values of y are in each 
case imaginary, and, therefore^ the curve cannot extend to the 
right of Dff or to the left of A, The curve, therefore, will be 
limited, in the direction A X^ by the parallels Dd, Hi. 

When the roots a, j3 are equal, then 

which is an imaginary quantity. 

If x = a, then y = — , 

hence, ew Mt5 case the curve is reduced to a point, 

(2) Let the roots be imaginary^ and suppose them to be 

a' + j3V-l, and «'-/?' t/~i. 
Then, 

{t-(«' + /3' 1/-!)} . {x-(«'-/3'^-l)}=(ar-«')« + /r, 
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which is positive ; therefore, A {.Cr — af+^^^'] being toegative^ 
the values of y are imaginary. Heace^ in this case, the curve 
itself is an imaginary line. 

We have hitherto considered onlytthe values of y in terms of 
X, but the discussion of x in terms of y will be in all respects 
liimilar. 

Let AE, AE'j betke roots -of the equation 

. ^B C 

thep, if Ee, E e, be drawn parallel to jiX, it may be shewn, 
as in the former case^ that the curve is limited, in the direction 
Jiy'Vby the lines Ee, Efe. 

The curve thus traced is Ae elljpse^ and is wholly ^com- 
"prised between the parallels Dd, D^df, and -Ee, Ife', 

203. fCotR. 1. Since b^ is necessarily positive, .it follows, 
that in the equation to the ellipse^ (a) and (c) can^neitber .of thfim 
= 0^ and must always have the same signs. 

204. CoR. 2. The general equation to the circle being 

q/^ +-^* +2xy COS x^y-^ 2 {y-^x' cos x^y) y — SL{x -^-y cos,x,y) x 
+y^ + x'^ + 2x'y cosa:,y — f* = 0, 

vwe liave, on comparing it with the general equation of f the 
second degree, 

a = c =1, and b = 2 cos x, y ; 

.'. i* — 4ac=4xo8X,y — 4= — 4sin* j:,y, 

which is a negative quantity. 

The circle, therefore, is a species ofthetellipae. 

When the axes are rectangular, cosa:^y = 0; hence .the ge- 
neral equation of the second degree represents a circle^ when 
ax=-Cj*ifand, the term dnn^ingxynotnishes^ 
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The equation becomes, io this case, 

or y + x*+ -v+ -x+-»^ =0^ 

^ a^ a a 

% 

which (69) is the equation to a circle^ the co-ordinates of 

whose centre are — — • • and whose radius 

2a 2a 



1 
2a 



\/{c? + e*-4a/}. 



Observation. It appears from the preceding discussion, that 
the varieties of an ellipse are a circle, a point , and an imaginary 
line. 

205* Prop. 4* To trace the curve when A is posMve, 
fig. 64. 

The roots a, fi, may be supposed in this as in the former 
case^ to be either real or imaginary. 

(l) Let them be real. 

Let X < a, or < AD, it must also < /3, or < AD'j therefore 
JT — a, j: — /3 being each positive, the quantity A (x — a) (j7— j3) 
is also positive. Hence the values of y are real. When x is 
fiegative, the values of y still remain real^ for the product of the 
factors is, in that case, .(^ + a) (J^ + jS); .'. il (x + a) (x -f fi) 
is positive. 

How great soever the negative value of x be taken, there 
are always two real corresponding values of y. Hence, the 
curve extends indefinitely to the left of D, 

If X > a, but < (3, that is, if x be of intermediate value be- 
tween jiD and Aiy^ then t — a being positive, and x — /3 
negative, the quantity A{x'-a)(x^ )3) is negative, and, there- 
fore, the values of y are imaginary. 

No part of the curve, therefore, lies between D and I/. 
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If X > /3, and, therefore, > a, then x-^ o^ar— /Siieing reach 
positive, A (x — a) (jp — /3) is so , likewise, therefore the values 
of y are real. 

• . - * • 

How great soever x be taken, the quantity il (x — a) (x — (3) 
still continues positive; therefore the values of y are real, and 
the curve extends indefinitely to the right of ZX. 

Ifa = /3 

Then y = + — -r- i/il. 

therefore the values of y are real, and represent two straight 
lines which^ intersect one another , since the ^efficients 6f x ai'e 

different, being , and — . 

(2) Let the roots be imaginary, in which case the diameter 
does not meet the curve. 

... ; • 4 ■ 1 t. > K 

Then, as in iProp. 3, their product =(x — a'i'+ZS'*; there- 
fore, A {(x— a)*+/3'*} ,is positive, and .the Vf4iies of jy are 
real. The curve in this case consists of two infinite brancl^es^ 
the one above, Hbe oiher beloWj the diameter BR. Fig. 67 a. 

The curve traced above is the hyperbola. 

206. CoR. 1. Since 6* is necessarily positive, either (a) or 
(c) or both of them .may sO: if i==0, thctn (a) and (c) must 
have different si^s. Hence, the equation to the hyperbola 
may assume any one of the three following forms : 

(1) 6xy +rfy + cx+/= 0. 

(2) ay-cx* + rfy + cx+/=0. 

(3) ex*— ay* + dy+ ex+f = 0. 

207. CoR. 2. Let the axes be supposed rectangular, and in 
either of the two last equations, let a=s — c. 

Z 



178 ANALYTICAL GEOMETRY. 

Then the equation becomes 
therefore dividing by (a), and transposing, 

adding — -g- to each, we have 

Ky^rJ-^V'TJ^ — 1^^ — • 

orify + ^=y, a?- - =x, and —^ ^ =r^ 

tbeny'^^x'^^i^, . 
which is the equation to the equilateral hyperbola (95). 

Obseroation. The varieties of the hyperbola are two straight 
lines that cut otie another ^ and the equilateral hyperbola. 

208. Prop. 5. To trace the curve when A^Oy fig. 68. 

bx'^d 1 

In this case v= -^ ± — \^{2Bx + C). 

•^ 2a ^a 

When the diameter meets the curve^ 

C 

2j?a: + C = 0; .'. a?= -. 

Assume ilZ)= — — -^, and draw Dd parallel to AY^ thea 

if ^D = a, 

6x+d 1 , ^ 

y= ± — V2B(z-a). 

2a 2a 

Since the coefficient JB may be positive or negative^ or = 0,. 
(1) Let it be positive. 
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When X < a^ 2 JB (x— a) is negatit«; therefore the Vulucfr of 
y are imaginary^ and no part of the curve lies hetWeeiiJl'atid JD. 

When X > q, ^B^x-^a) ih positive^ and for each assumed 
value of X, there are two equal values of y, with opposite signs. 

How great soever x be taken, the values of y remain jeal ; 
b^snce the curve consi^s of two infinite' artis d2^> di extending 
to the righi of Dw 

(2) Let JB be negative. 

Theti if T < a, 2 J8 (x — a) is positive^ 
X > a, 2B (x — a) is negative^ 

The curve, therefore, in this case extends indefinitely to the 
left of Ay and is limited towards the right by the line Dd. 

(S) Let JB = 0. 

Then v= ± — vC=: x + — vC, 

which is the equation to two parallel straight lines, 

bx + d 

If, now, C = 0, then y= , 

' ^ 2a ' 

' • . ■' ' • 

which is the equation to the diameter BR. 

If C be negative^ then the values of y are imaginary. 
The curve thus traced is the parabola. 

209. Cor. 1. Since 

6'-4ac = 0, or6*=4iic; ,v 62a=±2 l/(A£f); 
therefore the general equation be^ond^s 

• {aiy±clxf-\- dy + tx +/ = 6. 

Hence, when the first three terms form a complete square^ the 
equation represents a parabold. 

210. CoR.; 2. Since 6*r-4aG=X), if ^=0, then (a) or (c) 
must = 0, and conversely, if a oT c=0, then must 6=0. 
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The equation ta the parabola may^ thereforei assame either of 
the two following forms : 



(1) ay* + rfy + ear H-/=0. 

* 

(2) ex* + dfy + ex +/=0. 



Observation. The varieties of the parabola are twapartdkl 
straight lines, one straight line^ and an imaginary lintm 

211. Prop, 6. To determine the form of the general equa- 
tion, when it represents any one of the varieties of the three 
curves* 

. J. Let A be negative. 

* . * * 

(1) Suppose the roots a, fi to be equal ; 

,^ bx + d ^ X — a y . 

Then y = — .± — -— V^ 5 

^ 2a ^a 

.-. {2ay +fcx + d}*-il(j:-a)* = 0. 

Which, since A is negative, must be the sum of two positive 
quantities. 

Now this sum cannot^ it is plain^ =0^ unless each of its 
parts = 0; 

/. 2fly + 6j: + d= , and t — a = 0; 

ba + d 
.*. x = a, and y = , 

which is the equation to a point* 

The general equation^ therefore, represents a pointy when it is 
the sum of tvjo positive quantities j each of which is a function of 
jr,y. 

(2) Let the roots be imaginary ; 
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which, as A is negative^ is the sum of three squares, the last 
ieing vid^pendent of x and y ; whatever . value, therefore, be 
ass^ned to x and y^ that sum cannot =:0. Hence^ the equation 
represents an imaginary line, when it is the sum d/ three squares, 
the last of which is a constant quantity. . 

IL Let A be positive. 

(1) Let the roots be equal, ' 

Then, as before, {«ay+fcr + d!}*— ^ (z— a)*s=0. 

^nd, as A is positive, this quantity represents the difference of 
two sqtiares, and is, therefore, equal to the product of the two 
factors 

{2ay + bx ^ d] ,+ \/^J.{x^a\ 

« 

{2ay + bx + d\-)/A.(.x-(i). 
Each of which mu8t = 0; 

d- aVA 



•y = ^ *- 



b+ v^A 


ia 


b- VA 



2a 
d + a y/A 



y = "" '^ St ^ •" 



2a 9»a 

which are the equations to two straight lines that intersect each 
other. Hence, the general equation represents two straight lines, 
that intersect, when it is the difference of two squares^ each of 
which is a function. of x,y, 

(2) When the roots are imaginary, then the curve exists^ as 
was shewn above. 

III. Let As=0. 

If JB at the same tipne=0, then 

bx-k-d 1 y^ 

or {2ay-+ bx +d}*— C=0. 
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■Here C ittay be positive or negative^ or =bQ* 

(1) Let C be positive. 

Then the equation is the difference of two squares, Md equal, 
therefore, to the product of the two factors 

{2ay + 4a? + rf}+C 

Each of which being supposed sO, 

b d+C 

^ 2a £a 



5^ at - — Jf - 



d-C 



9,a 2a 

These are the equations to two straight lines, vyhich^ as the co- 
e£Bcient of x is the same in each, are parallel. 

(2) Let C=sO, then the equation becomes 

{2ay + bx+d}^=^0, 

bx ^ d 
2a 
which represents one straight line. 

(S) Let C be negative, then the equation becomes the sum 
of two squares, one of which being independent of x, y, 
^cannot =0; therefore the curve is imaginary. 

212. In order to present a connected view of the various 
circumstances relating to the discussion of the general equation, 
we shall briefly recapitulate the foregoing results. 

L Discussion of the curve. 
1 . The general equation being 

ai/^ + bxy + cx^ + dy -f ex +y'=b. 

The curve will be an ellipse, an hyperbola, or a parabola, ac- 
cording as 

6' — 4ac < or > or=£0. 
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^ .9. The cuMe in^secty^ touches or hih without^ the axis 
of X or y^ QcoofdlEg^ *s ' 

e* — 4c/ or d* — 4<i/> or =5^< 0* 
3. The curve intersects^ touches^ or falls without, 

(1) The diameter y = TT^'^ according as 

{bd-iaef- (6'-4ac)(<f — 4a/) >= or < 0. 

by + e 
. (2) The diameter x = — -=^ — ; according as 

xc 

(6e-.2cd)V (6*-4ac)(e'-4c/)> = or <0. 

11. Varieties of the three curves. 
1. Let 6* — 4ac< 6, or the Curve be an ellipse. 
Then the general equation represents 

(1) A point J when it. is the suqh of two postibve quantities^ 
each of which is a function of Xy y. 

(2) An imaginary lintj when it is the sum of three squares^ 
the last of which is a constant quantity; 

(3) J circle^ when a = c^ and b^Qa cos x, y ; 

or^ if the axes be rectangular^ when a^c, and &=:0. 

2* Let b^ — 4ac >0, or the curve be an hyperbola. 
Then the general equation represents 

(1) Two straight linet that intersect one another j when it is 
the difference of two squares^ each of which is a function 
oix^y. 

(2) An equilateral hyperbola^ when, the axes beihgp rect- 
angular, a =— c, and d=:0. 

■ - - • * 

3. Let k "^^^c^O^ or the curve he a parabola* 
Then the general equation represents 
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(1) Two parallel lines, when it is the - difference ^bf two 
squares^ one of which is a constant quantity. 

(2) One straight line, when it is a perfect square. 

(3) Jn imaginary line^ when it is the sum of two squares, 
one of which is constant. 

213. In applying the principles above laid down to the dis- 
cussion of ntinierical examples^ it will be found convenient^ in 
each case, to conduct the investigation as follows : 

(1) Resolve th6. equation to the curve in terms of x mnd of 
yj so that thejbrm of the resulting equations may be 

x=^myfn± VUZ + SBy + C). , 

(2) Find where the curve cuts the axes of x andy» 
. (3)' Draw the dian^eters y=mx+n, 

X = my + w , 

and thence determine the co-ordinates of the centre^ if there be 
one. 

(4) Find where these diameters intersect the curve. 

Examples* 
I. On the ellipse. 

4 

This ellipse has the form assigned to it in fig 66 ; A being 
the origin of the axes^ and C the centre. 

(2) y^'-Qxy + Qx^-2x = 0. 

The ellipse, in this case, cuts the axis of x, and touches that 

of ;/. 
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(3) y* +.xy +x' — 4y — 5 X — la = ; 
the iDcUnation of the axes being supposed =60^. 

The curve is, in this case^ a circle* 

(4) y — 4xy + 5a:'-2y + 5=0. 
This equation may be put under the form 

and^ therefore^ represents a point. 

II. On the hyperbola. 

(1) 3**-4/-4j:y + 8y + 8jf-12=:0. 

The co-ordinates of the centre are t=: — ^^ y « 

4 

The equations .to the asymptotes are 

(2) y*— Sxy— 2 = 0. 

In this case, the origin is at the centre, and one of the 
asymptotes is parallel to the axis of x. 

(3) jry + 2y + 3x-l=0. 

Here the curve is referred to axes parallel to the asymptotes. 

(4) y^'-^xy-^y + 4jf-l=0. 
The curve does not meet the diameter y = x + 1 . 
The equations to the asymptotes are 

y = 2 and y = 2x. 

III. On the parabola. 

(1) y* +x*-2xy-4y + Sx + 3=0, 

or (y— x)'-4y + 3x + 3=0. 

If an ordinate be drawn at a distances 1, to the left of the 
origin^ it will touch the parabola, and limit the curve in that 
direction. 

Aa 
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(2) 



(y+4f)»-*y + 9=0. 



The parabola of which this b Ae equation, extendi indefinitely 
to the left of the origin, and is limited towards the right by the 
axis of y. 

(3) (y-x)*+2(y-«)-3 = 0. 

This equation being = (y — x + 3) (y — « — 1) 

the curve is reduced to two panjllet straight lines. 

(4) (y-x)^+6(y-j:)+9=a 
As the equation may be put undev the form 

{y^x + 3)« 

the curve is in this case reduced to a sin^ stnoghils 



CHAP. X. 



ON T9E CONSTBUCTION OF CUBIC AND BIQUADBATIC 

EQUATIONS. 

214. It vas proved in the IntboduCtion^ that the root 
of a simple equation, and the roots of a quadratic^ might be 
found geometricaflly, the former by the intersection of two straight 
lines, the latter bj the intersection of a straight line and circle. 
The principal aim of this Chapter is to shew^ that equations 
of the third and fourth degree may, in like manner^ be determined 
by the intersection of lines of the second order. 

The method to be employed for this purpose, is founded on 
the following principle, that " any indeterminate equation of 
which X is the unknown quantity^ may be conceived to result 
from eliminating another unknown quantity y, between two in- 
determinate equations which involve both x and y." The loci 
of these equations being then traced^ the abscissas of the points 
in which they intersect each other will be the roots of the 
proposed equation. 

215. With the view of rendering this process intelligible, we 
shall apply it to the case of a quadratic equation. 

Let X* — Spar + ysO (1). 

Assume x^s=ky (2). 

k being any constant quantity. 
Therefore equation (I) becfomes, by substitution, 

ky^^x+^^sQ :(3). 

Hence, the proposed equation may be considered as rcTsuIting 
from the elimination of y between (2) and (3). The roots 
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of (l), therefore^ will be the abscissas of the iDter8e<^||pn of the 
loci represented by the last two equations. 

Since k may be taken at pleasure, we shall assume it^Sp; 
let jIX, ay, be two rectangular axes^ ZAz a parabola^ whose 
principal parameter is 2p, and whose axis is in the direction AT, 
then, if the straight line whose equation is (3) be drawD^ it will 
cut the parabola in two points, of which the abscissas will be 
the roots required. 

We have supposed the line (3) to cut the parabola io two 
points, thus implying that the roots of the given eqoatioa are 
real and unequal. If the roots be equals the line will touch 
the parabola, and if they be imaginary, it will not meet the 
parabola at all. 

21 6. Prop. 1. To construct the roots of a ccibic e^uation^ 
whose second term is wanting. 

Let the proposed equation be 

x^± qx -{• r =0, 
or, when made homogeneous, 



x^±\,qx + K^.r = 0. 
Multiplying each term by x, we have 

x^±\.gx^ + X'rx = 0. 
(l) Let the coefficient of x^ be supposed positive, or 

x^ + \.qx^ + \'^rx = 0. 

Assume j:* = A;^ ••'... . (1), 

k being any constant quantity ; then, by substitution, the equation 
becomes 

ky -\-\qky + XVa: = 0, 
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but x*—ky=0, 
adding therefore these two equations. 

Now as k^ is quite arbitrary^ we may assume itsXj', whence 
the equation just obtained becomes 

/.+ xV+X-^x = ...... (2), 

which is the equation to a circle^ passing through the origin, 

whose centre is on the axis of x. and whose radius =X — . 

2q 

Hence the roots required are thus found. 

Let AX,. AY be the rectangular axes, (fig. ?!•) describe a 

parabola ZA z, whose vertex is A, and latus-rectum = V^(Xq)i to 

Xr 
the left of A assume AC ^ — 5 and upon it describe a circle, 

cutting the parabola in the point P; then the ordinate PM 
being drawn, AM will be the root required. 

At the origin A, the circle and parabola again intersect each 
other, and. x-sQ; which is, therefore, thq root that was in- 
troduced by multiplying each term by x. 

• In this case, the remaining roots will be imaginary, and the 
real root will be positive or negative, according as the sign of 
the last term (r) is negative or positive. 

Tlie case just considered is that -which is reducible by Car- 
dan's Rule. 

ft 

(9) Let the coefficient of the second term be negative, or 

ar^-Xjx* + X^rrsaO. 
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Assume^ as beforei x^s l/Xj .y (i); 

therefore, by substitution^ the equation becomes, 

Xy.y'— Xj.a:^ + X*rx = 0, 

or dividing by \q^ 

\t 
y-x*+ — x = (2). 

Which is the equation to an equilateral hyperbola^ wiioae ¥ertex 
is the origin, and whose axis coincides with AX. 

Let ZA. z (fig. 72.) be, as before^ the parabola which is the locos 

of equation (1): To the left of A, assume AC = — , . and oa 

iiC as axis, describe an equilateral hyperbola, one branch of 
which will cut the parabola in two points P', P^', and the other 
passing through A, will cut the parabola only in one point P; 
hence the roots are all jreal in this case, and are AM^ AM'', 
AM". Two of them will be positive or negative, according 
as the last term is negative or positive. 

The point A, as before, corresponds to x^O. 

If the hyperbola touch the parabola, two of the roots will be 
equal, and if it do not meet the parabola, two roots will be 
imaginary. 

217- Cor. A cubic equation which has all its terms, may be 
constructed on the same principles. 

For instance, let the equation, when made homogeneous, 'be 

x^ + px^ + \ ,qx + \^r = 0. 
Assume j:^ = A;y ••••••. . • • • • (1); 

.*. kxy + pky + \qx -^ X*r = 0, 



_ , \q \ r 

or if A: =1?, xy + py H x H (2)^ 

p p 
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fiUch is die equation to ao hyperbola whose^ asjmptotes ace 
parallel to the axes. 

The loci, therefore, of (1) and (2) being constructed, their 
idtierseetions w31 dtsterttiine the roots; 

218. Prop. 2. To construct the roots of a biquadratic 
equation, whose second term is wanting^ 

Let the equation he a^ + qx^ + rx + 5 = 0, 

i/vhich^ when made homogeneous, becomes 

<»t •!» X,jap*+X^ra? -hX®.s=sO. 

(J) Let the Goeficjent of o:^ be supposed positi^. 

Assume x* = Ay (i); 

therefore, by substitution, we have 

%* + Xq.x" + X^rx + X's = 0. 
Let J^ be taken sX;, then, dividing each term by Xj, 

r X*5 

V* + Jf* -fX -X + — = . •. . . . (e). ^ 
q q 

which is the equation to a circle whose centre is on. tfaecaxis of 

Xr 
X, at a distance — to the left of the origin, and whose radius 

= — V'(r*-43s). 
%jq 

Hei)ice> the roota may be thus found. 

Describe, as in the last proposition, the parabola 2?il 2:: to 

Xr 
the left of A take AC= — . and from C as centre with radius 

X 
= — Vir^-^^qs) describe a circle cutlii^ the parabola in 
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the pbints P, P^, then, the abtcistas AM, AM' are die ro6ts 
required^ both of which are negative. 

If the radius of the circle be greater than AC, the circle cuts 
the other branch of the parabola, and therefore one of the roots 
will be positive, and the other negative. 

X Xr 

This takes place when - t/(r* — 4}i) > — , 

? 9 

or r* — 4js > r', 

or '^Aqs > 0; 

but as {q) is, by supposition, positive, this condition cannot ob- 
tain unless (5) be negative : hence^ wheii the last term of the 
equation is negative, one of the roots is positive, and the other 
negative. 

Since the circle cannot cut the parabola in more tha.n two 
points, the remaining roots must be imaginary. 

If the circle touch the parabola, two of the roots are 
equal, and if it do not meet the parabola, all the roots- are 
imaginary. 

(2) Let the coefficient of x' be negative. 

Then, making the same assumption as before, the proposed 
equation becomes 

y-x'+ — x + — =0, 

q q 

which is the equation to an equilateral hyperbola, whose centre 
is on the axis of (a:) at a distance — from the origin, and whose 

axis = — V^(r*-4fl'5). 

9,q ^ 

Let PPlyppl^ fig. 73, be the branches of this hyperbola, 
•and let it intersect the parabola ZAz in the points P, P'; p,p; 
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then the coMsfidiidiM^ abscissas AM, AM\ Jim, Affi, ore 
the roots required. 

Two of these roots will be positive and two negative^ if the 
last term be negative. 

Two of them will be equal, or iittaginary, according as either 
branch of the hyperbola toudhes or does not meet the parabola; 
and they will all be imaginary, if neither branch of the hyperbola 
meet the parabola. 

219* Cor. A biquadratic which has all its terms^ may^ in 
Itk^ maimer^ be cdnalrubfed* 

Let x^+px^ + \qx^ + X^f-x + X'5 = 0. 

Assume o^=iky. • • • (}); 

/. Jiy4^pJbx5^4-XfA;y-fX*f»jp+\'«fc=Ow*..,ffc(«), 



which is the eqiiatibn to an tyi^erbola^ one ot whose asymptotes 
is parallel to the axis oi (jc). 

The curves (1) and (2) being drawn, the abscissa^ of the poilKv 
in which they intersect are the roots required. 

220. Prop. 3. To trisect a given angle. 

Let 9 be the given angle ; then, by Trigonometry^ 

cos 6 = 4 cos^ - — 3 cos - . 
9 3 3 

3 
.*. cos d = 4x' — 3a?; 

therefore, transposing, and making the equation homogeneous 

by introducing a radius (r), 

< • 

4,3^- Sr^x- r* cos 0=0; 

or ar— -i^ar — — cos = 0. 
4 4 

Bb 
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• • * 

In order to construct the roots of this equatioii^ we most 
multiply each term by x ; 

3 r' 

.*. X* — 7 f^x' — — cos d . jr =0. 

4 4 

Assume j?*= - Vs .y (1); 

therefore, by substitution and reduction, we have 

y* — r* — -^ cos . X = (2), 

which is the equation to an equilateral hyperbola,, whose, v^tex 
is the origin, and whose major axis coincides with AX. 

Let ZAz, (fig. 74), be the parabola which is the locus of (l). 
To the right of A take ilF=-|-cosd, and on A F as a diameter 
describe an equilateral hyperbola, one branch of which will cut 
the parabola in two points P, P*, and the other passing through 
A will cut the parabola only in one point P'^ The ordinates 
PM, P'M'y P'M" being drawn, AM, AW, AM" will be 
roots required. 

The three analytical values of x are 

e 9,^-0 , 2ir+0 

cos - , cos , and cos » » 

3 3 . 3 

See Woodhouse's Trigonometry y Chap. vii. 

221. Prop. 4. To find a cube that shall be double of a 
given cube. 

Let (a) be the side of the given cube, x that of the required 
cube, then we have 

x' = 2a3; 

Assume x^^ay (l); 

therefore, by substitution, 
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or y* = 2ax (2). 

On jiY^ (fig. 75)f as axis describe a parabola whose latus 
rectum is (a), and on jiX as azis^ another parabola whose 
latus rectum is 2 a : let the parabolas intersect each other in 
P, then the ordinate PJlf being. drawn, AM will be the side 
of the cube required. 

222. Cor. Iu like manner, a cube may be found wUch is 
<ifi) times a given cube. 

223. Prop. 5. To find two mean proportionals between 
two given lines (a) and (&). 

Let X and y be the mean proportionals sought, then 

^ — ^ — y 
Of "" y "" ft' 

.-. ay^^x" (1), 

and bx=y* (2). 

On AY J AX respectively, as axes, construct two parabolas 
whose principal parameters are (a) and (ft). Let' the parabolas 
intersect in P, and draw the ordinate PM. Then, AM, MP 
are the mean proportionals required. 



^ PART II. 



ANALYTICAL GEOMETRY OF THREE DIMENBIOIIS. 



SECTION J. 



ON TU.1S, STIlAICttT HNS, ANP PLANE. 



CHAP. I. 

ON THfS POSITION OF A POINT IN SPACE. 

224. The method of determining the position of any num- 
ber of points in space, is analogous to that which was emplojed 
in Art. 44, to fix the position of a system of points situated in 
one plane. 

Ltet f(x, y, z) = be any indeterminate equation between 
three variables ; then, the numerical value of any one of them 
can be determined only by assigning arbitrary values to the 
other two. In order to represent geometrically the infinite 
number of solutions which may be thus obtained^ we proceed 
as follows. 

Suppose XAYy XAZ, YAZ^ (fig. 76), to be three planes, 
whose mutual inclination is known, and let AX, AY, AZ, be 
the lines in which each two of these planes intersect one 
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■Dother. In ^X, take AM equal to any assumed value of x, 
draw MN parallel lo AY, and equal to any assumed value of 
y, iheD, if NP be drawn parallel to AZ, and equal to the 
julling value of z, each point P, so determined, will furnish 
a solution of the equation f(,x, y, s) = 0. 

The surface, plane or curved, in which all the points P are 
situated, is called the htm of the equationy(x,y, z) = 0. 

225. The position, therefore, of the point P will thus be 
determined, when the lines AM, MN, NP are known. Now, 
if the parallelepiped AP be completed, it is manifest that AM= 
Pm = the distance of P from the plane YAZ, measured in the 
direction AX; and that MN, PN, are respectively equal to P's 
distance from the planes XAZ, XAY, measured in the directions 
AY, AZ. It thence follows that the position of a point in 
space depends on its distances from three given planes, estimated 
in the direction of the lines in which they intersect. 

The lines AM, MN, NP, are called the co-ordinates of the 
point P, and A is said to be the origin, AX, AY, AZ the 
axes, of the three co-ordinate planes XAY, XAZ, YAZ. We 
commonly denote AM by x, MN by y, NP by z ; whence 
these lines are called respectively the axes of x, of y, and of Z : 
also, XAY ia, for the sake of brevity, called the plane of jry, 
XAZ the plane of xz, and YAZ the plane of yz. 

The equation which expresses the relation betw*een the co- 
ordinates of any point of a surface is called the equation to that 
surface. Thus, if AM=a, MN=h. NP =c,X\ien, x = a,y=b, 
Z = c, is the equation to the point P. 

326. The three co-ordinate planes, when indefinilely pro- 
duced form eight trihedral* angles at the point A, of which 
four are situated above, and four beneath, the horizontal plane 
xy. Now, since the co-ordinates x, y, z, are measured from 



* A solid angle is denominated diliedral, Irihedra!, Sic. according 
it is contained by ttvo, three, &c. planes. 
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a fizt poinl A. along lineg given in position^ tb€$ igeneral'rah 
(SchoL p. 35.) for the ibterpreUtioh of the 8igii«:iKaII'endik 
119 to dttermiqe. in which of those eight angles the point P it 

situated:' 

Thus^ let a, b^ c be the absolute values of the co-ordinates 
of any point P, alwoe the plane of xyt then if 

x= +0, y= -^by z=: +c^ the point is in the angle AXYZ^ 
x=s +a, y=s — 6, ;?= -f c . . • AXT% 

x= —a; yss +4, jTss +c AX'T!^ 

x=: —a, y=: —6, z= +c • • • • . AX*T*!A, 

By 'changing the signs of the co»ordinates in each of these 
four lines^' the position of the point P, when dymiftetricalty 
situated Aen^^A the plane of xy^ will be determined. 

Hence^ 

(1) When P is in the plane of xy^ its distance a^ frtai. this 
pli^ie = ; therefore the equation to P is 

JT = a, y^b^ z = 0. 

In like manner^ the equation to P, when it is situated in the 
planes of xz^yz respectively, are 

or = a, z = c, y = 0, 
y^by z=^Cy or = 0. 

(2) When P is on the axis of 

X, its equation is jr = a, ^ = 0, 2: = 0, 

y, y = i^ a: = 0, z==0, 

Zj 2: =c, x=0, y = 0. 

(3) When P coincides with the origin, its equation is 

x = Of y = 0, z=^0. 
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I 227, The points N, n, m, in which the lines PN, Pn, Pm, 

meet the planes of xy, o( xz and of yz, are called the pro- 
I Jectians of the point P upon these respective planes. 

Hence, by the last article, 

xsza, y = 6 is the equation to the projection of P upon xy, 

x = a, z = c • xz, 

y=:b, z^c yz. 

It is evident^ that if any two of these equations be given, 
' the third is necessarily known: whence it follows^ that the 
position of a point in space is determined, when its prq/ections 
on any two of the co-ordinate planes, are known* 

238. The mutual inclination of the co-ordinate planes bebg 
altogether arbitrary, we shall suppose, for the sake of sim* 
plicity, that each of them is at right angles to the other two« 
The planes, as well as the co-ordinates, are in this case snid to 
be rectangular. 

We shall always consider the plane of xy as horizontal, and 
the planes of xz, yz, as vertical. 



CHAP. It 



ON THE STRAIGHT LINE IN SPACE. 

1 

229* 1)ep. If through a given straight line in space a 
plane be drawn perpendicularly to anj of the co-Oit&naCe plaoes, 
the intersection of these planes will be the pngeciion at the 
given line. The plane thns drawn^ is called the proftcting plane. 

We generally suppose the straight line to be prqjected on 
the planes of xz and yz; if> therefore, their intersection AZ be 
considered as the axis of the abscissas, then JX, A Y v?ill be 
the axes of the ordinates in the planes xz, yz, respecdvely. 

230. The position of a straight line in space will be deter- 
mined^ when its projections on any two of the co-ordinate 
planes are known ; for the proposed line will evidently be the 
common section of the two projecting planes. 

Thus, let pp', qq, (fig. 770 be the projections of the line 
PP^ on the planes of xz, yz\ then, drawing the projecting 
planes PpP'p', PqP'q, their intersection PP' will be the line 
required. 

231. Prop. 1. To find the equations to a straight line in 
space. 

Let T = a 2: + o 

be the equations to the projections of any straight line PP^ on 
the planes oi xz and oi yz\ then will they be the equations to 
the line itself. 
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("or the former of these equations, being independent of y, is 
the equation not to ff' only, but to every line in the projecting 
plane PpP^p, The latter equation is, in like manner, the 
equation to every line in the projecting plane PqP'q. There- 
fore the system of equations 

being common to the two projecting planes^ must belong to PP^^ 
^hich is the line of their intersection. 

It is to be observed, that a, b denote the tangents of the 
inclination of pp^ qq to AZ^ and that a, j3 express the dis- 
tances from the origin to the points in which the same lines 
intersect ^Jf, ilF. 

232. CoR. 1. By eliminating z from the foregoing equations^ 
we have 

y-fi =- (x-a) .... (2) 

which is the equation to the projection of PP' on the plane of 
xy. 

233. Cor. 2. The point in which the line PP^ meets the 
planes of xy, of xz, or of y z, is found by making z, y or x 
respectively =0, in equations (I) and (2). 

234. CoR. 3. When PP passes through the origin, its 
equations are 

x^az^ y^bz. 

235. Prop. 2. To find the equations to a straight line, 
passing through a given point (x', y, z). 

Since the given co*ordinates must satisfy the general equations 
to a straight line 

Co 
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We therefore have 

a' = flz' + a, and y =:bz +fi; 

.'. a = x'—az\ and j8=y— 62'. ^ 

These values of o and j3 being substituted in (1), there result 

x — x' = a(z ~z')) 

\vhich are the equations required. 

2d6. Cor. Hence may be found the equations to a line 
passing through two given points. 

Let x'\ y", z' be the co-ordinates of the second point* 

Substituting these quantities for x^ y, Zy in (2), we have 





x"-/ 


6 = y"-y 

z"-z' 




"^/'-z' 




// / 

f X ^^ X 


-A 


• 




• • 


a — X — „ , \^z 

z — z 



// / 

y -y =, :^~?- (^ ~ ^'^^ 

-« z 
are the equations sought. 

237* Prop. 3. To find the conditions requisite for the in- 
tersection of two straight lines, and also the co-ordinates of the 
point in which they do intersect. 

Let the equations to the lines be 

jr=:az-l-o; y:szbz +(i> 

and X = a'z -f- a' ; y=ib'z-\-(S, 

Then, supposing them to intersect,, the co-ordinates at the point 
of their intersection will be identical ; therefore, subtracting the 
lower from the upper equations, 
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tlicrefore, eliminating Zj we have 

or (o-a')(ft-ft') = (i3-/y)(a~a) (1) 

which is the equation of condition required. 

Next to iind the co-ordinates at the point of intersection. 

Since z = j we immediately deduce, 

a — a 

a a '^da 
X = r- 

and V =3 — , — 

238. CoR. When the lines are parallel, the co-ordinate3 of 
the point of intersection are infinitely great ; 

.'• a = a , and 6 = 6. 

239* Prop. 4. To find the distance of any point from the 
origin. 

Let Py (fig. 78.) be the given point, AM, MN, NP its co- 
ordinates. Then in the right-angled triangle ANPy 

AP^ = AN* + NP', 

and in the right-angled triangle AMN, 

.-. AP^ = AM^ + MN* -^ NP\ 
or if AP^p, 

p^=.x'+y' + z\ 



'^^^ ANALYTICAL 6EOMBTRY. 

Hence, in a right-angled parallelepiped, the square of the dia- 
gonal is equal to the sum of the squares of the three edges. 

240. Cob. Since x — az, and y=^bz, we have^ by substi^ 
tution, 

X = ' 



y = 



±bp 



241. Prop. 5. To find the distance between two points. 

Let P, P' be the two points, and x\ y\ z the co-ordiDates 
of the latter. 

Then PP' may be considered as the diagonal of a parallele- 
piped^ whose three edges are x' — x, y—y, z —z \ we there- 
fore have^ by the last Prop. 

Pr^ = (/ - :r/ + (y ^yf + (/ - z)\ 

242. Cor. Let PP = 5, ilP' = p. 

Then, expanding the value of PP'^ , and reducing it by means 
of (239)^ we have 
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ON THE INCLINATION OF STRAIGHT^ UNES TO THE AXES, 

AND TO ONE ANOTHER. 

243. Prop. 1. To find the iDcliDation of a straight line 
to each of the axes. 

Let AP be the given line Q9); then^ (fig. 78.)^ retaining the 
same notation^ we have 

X =s AP cos PAX^p cos p, x\ 

(240). 



X 


±0 


• • COS «>• * ^ *" ^ 

p 


1/(1 +«* +6') 


In like manner, 




^^\0 ^% 4J ^B* 


±b 


cos pfjf'^ 


•(l + a*+6*) 


£*£^0 f\ <V ^BB 


±1 


COS Of z ^^ 


VCl+a' + ft") 



The two angles which p forms, with each of the axes are 
supplements of one another; of these^ the acute corresponds to 
the positive^ and the obtuse to the negative^ sign. 

244. Cor. 1. Squaring these values, and adding the results, 
we have 

cos*f),x + co8^/i,y + co8*/>,z= 1, to radius 1. . . .(1), 

' =r*, to radius r. . . .(2). 
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245* Cor. 2. If the symbols p,xy; p,xz; p^yz, denote 
the angles which p makes with the planes of jcy, xz, yz re- 
spectively^ we shall have 

sin^ p, y z + sm* p, xz + sin^ p,xy = !• . . .(S). 

The equations marked (1) and (SX express the relations sub- 
sisting among the angles which a straight line in space forms 
with the three axes, and with the three co-ordinate planes. 
Whence it is evident, that if any two of these angles be given, 
the third is known. 

246. Prop. 2. The separate inclinations of two lines in 
space to the axes being given, to find their mtitual ioclination. 

Since two lines in space do not necessarily intersect each 
other, draw througli the origin two lines respectively parallel to 
the given lines. In these take any points P, P', join PP^, and 
let AP = p, AP'^p'. 

Then (242) PP'*=/t)^ + /t)"-2 {:rx'-l-yy+5:/}, 
and also = p* -(-p'* — 2 pp' cos p, p ; 

.*. pp cos Pj p'^xx' +yy''hzz' (l). 

But (242) x=sp cospyX; y=p cos p,y; z=:p cos p, z. 
Similarly, x =p cosp, x; y=p cos p\y; / = p'cos p\z; 
therefore substituting in (1), and dividing by pp', we have 
cos p, p = cos p, X cos p', j:+cos /o, y cos p\y ■\-cos p, z cos p\ z. 

247' Cor. 1. When the lines are at right angles, 

cos /o, X cos p\ X -j- cos py y cos p\ y + cos p, z cos p, ar = O, 

apd when they are parallel, 

cos pj X cos p\ X + cos p, y cos p ^ y + cos p^ z cos p\ r := I. 

^4S. Cor. 2. If cos ^o, j: = tw ; cos /o, y = ;i; cosp, z=p; 

cos p, X = rn; cos p, y = //; cos p\ z =/>'; 
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Then cos /£>>/»'= . mm -i-Jin -^pp . ... . , to rod. 1 • • (1), 

/^..v . mm'+un+pp , ,^. 

or (244) = ± . a 4;^ ,. , ^o rad. r . . . (2). 

249. Prop. S. To find the equations to a straight line^ in 
its terms of the angles which it forms with the three axes. 

The general equations are 

x^az + a^ and y = bz+fi (1). 

If a line (p) parallel to this line be drawn through the origin^ 
its equations will be 

X ^ aZy and y = bz; 

X V m ^ 
.'. - = fl, and^ = 6, (2). 

z z 

Now a: = /t> cos p, x ; y = /> cos p,y, and z^^p cos /o, z ; 









X 




y 




z 






• 


p 

X 




COS p, X 
COS p, X 




COS /o, y 




COS /t>. 


z: 


1 


k 


— 


= 


zsz 


.-. a 












z 




COS p, z 















y ^ COS p,y ^ . ^ 
2: cos /t), z 

Substituting these values of a and 6 in (l)^ we have 

cos p,x . 

X = ' — z + a 

cos pj, z 

COS p, Z 

which are the equations required. 
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250. Cor. l. According to the notation employed abeve, 
(248)^ these equations are 

P 

p 

25 1 . CoR. 2. Since m^ap ; n^bp; 

and similarly^ m' = a p'; ft = 6 p', 

we have, by substitution, in (248)^ 

, l+aa -hbb^ 

''''' ^'^ " - 1/(1 +«• + &*) (l+a'^+6'^)' 

which expresses the inclination of two lines^ whose equations 

are 

and y = bz+l3. 
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ON THE PtANB SITUATED IV SPACE. 

252. A PLANE is generated by a straight line which moves 
in a direction parallel to itself^ along a straight line given in 
position. 

Of these straight lines^ the former is called the generating 
line^ the latter^ the directrix. 

Prop. 1. To find the equation to a plane. 

Let the equations to the generating line be 

X = az+a, wad y = 6;r + /3 (1), 

and the equation to the directrix 

r=5f»Z+ n (2), 

it being supposed to lie in the plane of xy. 

The equation sought will be obtained by expressing analy- 
tically that the generating line remains parallel to itself while it 
moves through each point of the directrix. 

The generating line, when in any position, will be defined 
by the equations 

J? = a^ + o', y =i bz + fi'. 
Dd 
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/ 

But, since it passes by hypothesis through a point 

jr = X, y = r, z; = 0, 
of the directrix^ we have 

Xs=a'=x — az, 

therefore, substituting these values of X and Y in equation (2X 
we have 

or y — mx + (ma — 6) a; — » = 0, 
1 . 6 — «ia . n 

j?--y+ « + -- = 0, 

m m iw J 

the equation required. 

In order to give a more symmetrical form to this eqiiatioD, 
assume 

B 1 C 6-ma ^ D n 

then, the equation to the plane will become 

Ax+By + Cz + D = 0. 

253. CoR. 1. When the plane passes through the origin^ 
D = 0; therefore^ the equation becomes 

Ax + By + Cz=0. 



254. CoR. 2. Since j2;= — —a:— — v 



^ _ B D 

C "" C^ C ' 
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under which form it is sometimes convenient to consider the 
equation to the plane. 

It thence appears that three constants only are necessary to 
determine the position of a plane. 

255. (1) If the plane meet AZ, then, since x and y each 

Similarly, according as the plane meets AX ot AY, 

D D 

(2) If the plane be perpendicular to AZ, then, since each 
point of the given plane is equidistant from that of xy, z must 
be equal \o a constant quantity. 

Similarly, x and y will be constant quantities^ according as 
the plane is perpendicular to AX or AY. 

0) If the plane be parallel to AZ, then, j; being infinitely 
great^ C = 0. 

Similarly, ^=0, or 3=^0, according as the plane is paralkl 
to jiX or to AY. 

256. (1) If the plane meet the plane of xy, then z^O, 
and the equation to their intersection is 

Ax + By + Dz=:0. 

Similarly^ according as the plane meets the planes of xz, or of 
yzy the equation to their intersection is 

Ax+Cz + D-0, 
or By + Cz+D=rO. 

Note. These intersections are called the traces of the given 
plane. 
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(2) If the plane be perpendicular to that of ory, tfaen^ rince 
it must be parallel to AZy C = 0; therefore the equation to die 
trace is 

Jx + By + D^O. 

The same reasoning being applicable ta the remaining two 
co-ordinate planes, we conclude that when a plane is perpen- 
dicular to any one of the co-ordinate planes^ its equation is that 
of its trace upon the same plane, 

(3) If the plane be parallel to that of xy, then the co- 
ordinates of its intersection with x and y will be infinitely 

great. Hence, — -^ and — — being infinite, A^O and 

B = 0; therefore the equation becomes Cz + D^O. 

Similarly, according, as the plane is parallel to that of xz or 
of yzy By + D=:0, or Ax+D^^O. 

257* Prop. 2. The points in which a plane interaects the 
axes being given, it is required to find its equation. 

Let the plane meet AX, AYy AZ in the points JS^ C^ D, 
fig* 79, and assume 

AB or — — = «, 
A 

D 
AC or - - =b, 
x> 

AD or — -;^ =c. 

Then, the general equation to the plane becomes, by sub- 
stitution, 

^-+i + 2=i (1), 

a o c 
which is the equation sought. 
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258. Prop. 3« To find the equation to a plane^ in terms 
of the perpendicular dropped upon it from the origin^ and the 
angles which it forms with the axes. 

Let the perpendicular be denoted by p. 

Then, the general equation to a plane being 

X y z 
a c 

it is evident that 

^=- — C — ^ j=s — £ — , c = — - — ; 
cos p^ X cos p, y cos p^ z 

therefore^ by substitution^ we have 

p^x cos py r+y cos p^y^^ z cosp, 2. .... . (£), 

which is the equation required. 

Equations (1) and (S) are analogous to those of the straight 
line in j^rt. 50, and rejtain the same form, whatever be the 
inclination of the co-ordinate planes. 

259* CoR. When the plane passes through the origin, then 
X cos p, X +y COS p,y+z cos py z =0. 

260. Prop. 4* Required the equation to a plane which is 
parallel to the given plane 

Ax + By + Cz ■{- D = 0. 

Let the equation sought be 

A'x -{- ffy + Cz -{- ly -0. 

Then^ since the two planes are parallel, theit traces upon each 
of the co-ordinate planes will also be parallel. 
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Now, their traces upon xy are defined by die equflCiona 

and ilx + JB'y + D'=0; 
therefore (57- Cor. 3.) 

Ir=5'^'*:rf = B- Similarly, -=- . 

A' 
Assume — =m, then we have, by substitution, 

ilx + By + Cr + — =0, 

m 

the equation required. 

26l« Cor. Hence, through a given point (x\y\ z') a plane 
may be drawn parallel to the plane 

Ax + By + Cz+D^O. 

The equation to the plane sought, will, by the proposition^ be 

Ax + By+Cz+d=:0, 
and, as it passes through a point x\ y, /, we have 

Ax+By' + Cz+d=:0; 
therefore eliminatiDg (d), we obtain 

A(x'-x')+B (y-y') + C (2; -zO =0, 
which is the equation required. 



CHAP. V. 



ON PROBLEMS RELATING TO THE STRAIGHT LINE AND 

PLANE. 

262. Pros. 1. To find the point in which a given plane is 
intersected by a straight line, whose equations are 

X ^ az ■{• a, y = bz + (i. 

At the point sought, the co-ordinates of the line and of the 
plane being identical^ we have, by substituting the values of x 
and y, in the equation to the plane, 

A {az + a) + B(bz+(3)+Cz + D^0, 

or {Aa + Bb + C\ z- -{Aa + B(i+D]; 

^a + B/3 + D 

"*'*" Ja + Bb+C 

c ., , Aa + Bfi + D 

Similarly, x = a — o . -^ =n ^ 

^' Aa + Bb + C 

_ alAa-^Bb+Cl^alAa+Bfi+D} 

Aa-\-Bb-^C * 

(HAa-i-Bb + Q-biJa+Bfi + D) 
and y = z 777 7^ ^ 



216 



ANALYTICAL OEOMSTRY. 



5263. Cor. When the line is parallel to the given plane, then 
the co-ordinates are infinitely great ; and, therefore, 

J.a -I- JB6-I- C = 0, 

which expresses the condition of paraUelism of a straight line 
and plane. 

5264. Prob. 2. To find the equation and leogth of the 
perpendicular dropped from a given point {x\ y\ J) upon the 
plane J.a? + By -I- Cz + D = 0. 

(1) The equations to the perpendicular required^ will be of 
the form 

, ., ,,[ (i), 

in which (a) and (6) are to be determined. 

Now the projections of the line and of the plane, on any one 
of the co-ordinate planes, are perpendicular to eacb other; be* 
cause the projecting plane of the line being perpendicalar to the 
given plane, their intersections with any of the co-ordinate 
planes, that is, the projections in question, must also be per- 
pendicular. 

The given plane, then, being projected on the planes of x z 
and yz^ the equations to its traces are 

Ax + Cz + D = 0, 

% + Cz + D = 0; 



r. . CD 

.'. (57. Cor. S.) x= If^ ■" "7 

andy = -;g. -~ 



(2). 



Hence, a = -j;; , tmd ft = -— ; ^ 



therefore the equations required are 
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1— a: =-^(2-;^), and y— y = ^(«— «)• 
(2) The length (;i) of the perpendicular 
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In order to find this, aissume 

Ax'+ By + C«' + D = iy/ 

Now ilx+By + Cr +I> = 0; 

therefore by subtraction, 

A (* - x')-|-B (y-y) + C (« - zO + D' =0, 

and substituting for jt—jt', and y— y their values above ob- 
tainedy S/^e have 

■ '■ '■_ ^_ CD ■■ 



hence, x — x' = — 



A' + B' + C" 



y y - ^ + B» + C«* 



*. 



or substituting for 1/ its value, 

__,_ Ax'+'By'+Cz'+'D ' 

Ee 
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The lower sign is to be used, when the point is silaated between 
the given plane, and the plane of xy. 

5265. Cor. If the given point be the origiD» tb#ii s\ y^ / 
each = 0, and 

D 

2Q6. Observation. The value of {p) m»j also be found bj 
a method analogous to that made use of in Art. 56. 

Conceive a plane drawn through the point (x, y% z) parallel 
to the given plane^ and drop upon it from A a perpendicular 
ilQ, meeting the given plane in 'P: then, "BQ, will ^p. 

Now Al? or /t>=:a:cos/t>,x+y cos/t),y+x: co8|9» r, 
and ACL ^x cosp^x-Yy cos p^y+z coBp,z\ 

.'. p=x' cos p,x+y cos pfy-k-z' COB p,z^p, 
which is the value required. 

^67* Pros. 3. Required the equation to a plane drawn 
through a given point (/, y, z)j perpendicular to a given line 
X =:az + a, y :=^ bz + fi; required, also, the distance between 
the given point and the point where the plane meets the line. 

(1) The equation to the plane will be of the form 

J (x— /) + B (y -/) + C (z - z) = 0, 

and since it is perpendicular to the given line, we have, (264), 

therefore, substituting, and dividing by C, 

a (x-x) + 6 (y - yO + 5J - z' =? (1), 

the equation required. 
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* (2) The dUtMOi soiight ii foutid by t method ^milar to 
^at employed ia the laet proposition ; tbes the equations to the 
^en line being wntten as f<dlows : 

jp — x^ = fl(j?— /) + a — x' + az\ 

Substitute these values o( x—x, y^j/ in equation (l), and we 
have 

(a* + 6' + \){z^/) + ii(a-x + az') + h QS-y + hz) = 0; 

' — g (g"'- g) + ft (y- b) , m , 

«• + *•+ 1 a* + 4*+ 1 

if a (a?'— a) + b (y'^b) be taken = m. 
Hence^ * - or' =» ^^^^ — (x -a)> 

therefore distance soiight 

= V{ (X - *')« + (y - y)» + (z - /)• } 

268. Pros. 4. To find the angle which a given straight 
line forms with a given plane. A 

Let the equations to the line be 

x^az + a, y^bz + j3, 

and the equation to the plane 

Ax+By + Cz+DsiO. 
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The iDcliiuitioa of a line to a plane, is the angle contained by 
the line and its projection upon the plane»'and is therefore equai 
to the complement of the angle formed by the line mid a pjer" 
pendicular dropped from any point of it upon the plane. 

Let the equations to the perpendiculai^ he 

x = aZ'\'a, and y^b'z+^, 

then (264), a' = -^, and b' ^ —. 

Now, in general, (251) 

, \+aa^bV 

'^•^'^ " ^(l+a* + 6*)(l+a-+6''> ^*^- 

Let p be the given line, and p the perpendicular dropped 
upon the given plane, also let the symbol p, 11 be employed to 
denote the angle contained by the line and plane. Then^ sub- 
stituting for a! and b' their values in (1), we have 

_ Aa+Bb + C 

269. Cor. When the line is parallel to the plane 

which agrees with Art. 9iQ3, 



CHAP. VI. 



ON THE INCLINATION OF PLANES, TO THE CO-ORDINATE 

PLANES, AND TO ONE ANOTHER. 

I 

270. Prop. 1. To find the inclination of a given plane 11 
to each of the co-ordinate planes. 

Let the symbols U,xyi Tl,xZy U,yzhe employed to denote 
the inclinations sought. 

If through the origin a plane be drawn parallel to the given 
plane^ its equation will be (260) 

Ax + By + Cz =^ 0. 

From the origin^ draw, at right angles to thid plane^ aline 
(p), whose equations are 

x^az, y^bz\ 

A B 

t^en (204) « = 77 > and b:=: j;. 

Now, CO, p,z= -^^j^^r^r^ («43), 

but cos p,z= cos IT, xy ; 

therefore, substituting for a and b their values, 

±C 
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+ JB 
SimUarly, co8n,*z= y/^j^J^l^^cY 

and cos 11, yx = —77-3 — ^5 — 73: • 

271« Cor. Since cos^ p,x^coB^ p,y+coB^ p, zssl; 
/. co8*n, yz; + cos*n, xz+cos' n, J^ys 1. 

272. Prop. 2. The separate inclinations of two planes 11 
and n' to the co-ordinate planes being gtven^ to find their 
mutual inclination. 

Draw through the origin two planes parallel respecdyelj to 
the given planes ; then^ if two lines p and p^he drawn from 
the origin at right angles to the planes, their inclinatioa II^ 11', 
will s z p, p', and their equations will be (£59)» 

X cos p, X -f y cos p^y -{-z cos p,z =0, 

X cos p X +y cos p', y +2f coap\ ;2: =0. 

Now, in general, 
cos p, p' = cos /}, X COS /}', X + COS pf y cos p, y + cos p, z cos p, z 

but cos p, x = cos n, yz; and so with respect to the others, 
therefore, making the requisite substitutions, we directly obtain 

cosn,n'=cosn,yzcosn',2;y+cosnjJZcosn'jjz+cosn,xycosIl',xv, 

which is the inclination sought. 

213. Cor. 1. When the planes are at right angles to one 
another, 

cos n, zy cos n', zy-h cos U^xz cos II', xz+cosll, xy cos n', xy=0. 
2*14. CoR. 2. If cos p, X = ikf, cosp,y = N, cos^, r=rP, 

cos p', X s= M' , cos p',y = N\ cos p', Zs=Py 



ON THE PLANE. 



2SS 



or = + 



then cos n, n'= MM' + NN' + PF torad.l (I), 

MM'+NN'+PI" 



1/(M*+N»+P*) (M'*+N"+ P") 



to rod. r. , , .(2). 



which two expressions are analogous to those in Art. 248. 



CHAP. vir. 



ON THE ORTHOGONAL PROJECTION OF PLAMB FIGURES. 

275. Def. 1. A SYSTEM of points is said to be ortho- 
gonally projected upon any plane^ when each pomt is projected 
bj means of a perpendicular dropped upon that plane. 

The projection of a line^ whether straight or carved^ upon 
any plane^ may be considered as the locus of all the projected 
points of that line. 

5276. Def. 2. If the sides of any plane figure be projected 
orthogonally upon a plane, the figure formed by these pro- 
jections is called the orthogonal projection of the given figure 
upon the plane. 

As an illustration of this definition, conceive a right prism to 
be cut obliquely by a plane, then the base of the prism will be 
the projection of the resulting figure upon the plane of the 
base. 

2T*J . Prop. 1. The square of any plane figure is equal to 
the sum of the squares of its projections on three co-ordinate 
rectangular planes. 

J^t the given figure or area be denoted by A, and its pro- 
jections on the planes of xy, xz, and yz, by A^ , jlp , jIg ^ 
respectively. 

Then, if a perpendicular {p) be dropped from the origin upon 
\\\i; given area, we have, 

A,^ /I cos p^ X, Ay^A cos p, y, ils = A cos p, z. 
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'^c<e by tb6 principles of Geometry, the projectiori of aii area 
upon any plane is equal to the area multiplied by the cosine 
of its inclinatioh to that plane. 

Therefore, taking the sum of the squares of these pro- 
jections, 

-4*, + il'y + A*g =s A^ {cos* f>, X + cos* pijf'\- cos* p,z\ 

= A^ (244). 

5278. CoR. 1. Hence, in a triangular pyramid, which has 
three contiguous edges at right angles to one another, the square 
of the face subtending the trihedral angle, formed by the planes 
of these edges, iis equal td the sum of the squares of the three 

faces which contain the same angle. 

« 

For the three last faces are the projections of the first upon 
the planes formed by the rectangular edges. 

This property of the pyramid is atialogou^ to the celebrated 
property of the right-angled triangle in Plane Geometry. 

279* CoR. 2. Let xy\ xJ^ yil be any other three rect- 
angular planes, originating at the same point as before, tbeti, if 
the projections of A upon these planes be denoted h^ A^ A^ 
Ag' respectively, it may be proved precisely as above, that 

tience, it follows that the sum of the squares of the prO' 
jections of an area upon any three co-ordinate rectangular planes 
is constant. 

Note, When we speak of the square of an area, the ex* 
pression is to be understood in a numerical sense i a geometrical 
signification, boWever, may be annexed to it, by substituting for 
the areas in question straight lines that are proportional to 
them. 

2dO. PtLOti 2. The same notatiM being used, it is re- 
quired to prove that the projection of A opon^^iny plane is 

Ff 
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equal to the som of the projections of A^ A^ A^ upon the 
same plane. 

Let the plane of ily' be that on which A is projected. 

Then Aj s= A cos p^ x. 

Now 

COS/]^ x'ss COB p,X COBx\ X + COB p, y coBx\y + coBp,z coBx',z; 

therefore, multipiying each term by A, 
AeoBp^x'^AcoBp^xcoBX^x+^coBpfycoBx^y-^AcoBpfZcoBx^z; 

hence^ subs^tituting iox A ciOBp^x^ AcoBp,ym.. their values 
in Prop. 2, we have 

il«/ s A, • cos X, X + Ap cos x\y + Ag cos x\ z, 

as was to be proved. 

381. Cor. 1. Let A^ A\ A'' •». be any number of areas 
in different planes, 

X, Y, Z . . . the sum of their projections on zy, xz, xy, 

X\ Y\Z' z'y\ xY, x'y\ 

Then, it follows directly from what has just been proved, 
that 

X' ^X cos x\x -{-Y cos x,y + Z cos x\ r, 
Y' ^ X COB j/ , X + Y COB y\y + Z coBy\z, 
Z' ssX cos lijX'^'Y cos /,y + J8f cos /,z. 

282. Cob. 2. Since X, F, Z, and X', Y', Z! are the 
projections on two systems of co-ordinate rectwagi^ar pknes^ 
we have, oonverselyy 
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XszX^ coBXjjf+Y' co8X,y+S!^ COB x,z\ .; 

J". 

Y^X* cosjffVc +T' co8y,y+ JZ' cosy^ /, 
2^ = X' cos r, j/ + r' COS 31, y'+ Sf cos jr, «'. 

. S83. Prop. 3. It is required to prove that 

Squaring each line in Cor. 1. Prop. 2. and adding the results 
vertically, we have 

X'^ + Y'^ -f ^fi»X* {cos^ x', j:+co8'x',y + C08* /, «} 

+y* {co8*y, x+co8*y,y+cos*y, z} 

+ 2* {cos* /, jT+cos* z, y + cos* /, :r} 
+ 2 XF {cos J, X cos x'^y + cos y', x cos y' , y + cos z'^ x cos z',y\ 
+ 2 Jf 2^ {cos X, X cos x', z + cos y, x cos y\ z + cos /> x cos /> z\ 
+ 2 j2!^{cosx^ z cos x', y + cosy, f cosy',y + cbs/,y cos/>z}. 

Now, the coefficients of X^ F*, jZ*, in the three first lines^ 
are (244) each = 1, and the coefficients of XY, XZj 2F> ia 
the last three lines^ are (247) each = ; 

This sum, bebg independent of the three planes of projection*, 
is invariable. 

284. CoR« 1. Hence 

X'= i<{Z*+F*+^- (Y'^ + Z*)}, 

which quantity therefore is a maximum when Y' and Z^ eadb 
s= ; therefore, in this case, 

i'=V{3r*+F«+2:*}. 

The plane zy' is generally caUed the plane of greatest pro- 
jection* - , .♦.,'-' 



TCXH 



ANALYTICAL OBOMSTRT. 



285. Con. 2. The projectioils of each of the areas Af A'.,. 
and consequently, the sums of those projectioqs being the same 
on all planes that are parallel to one another, it follows that the 
absolute position in space of the plane pf greatest projection is 
indeterminate. Its position, however^ relatively to the three 
primitive planes, may easily be found, by means of -Cor. d. 
Prop. 2. 

For^ I ince Y' and Z' each = 0, 

Y 

Similarly, cosx,y= ^/i jp+p^,z«i ^ 

,adco8x',?= V{rVr^^¥^' . 

286. Prop. 4. The sum of the projections of the areas 
A, j(. A!' • •. is the same on all planes that are equally inclined 
to the plane of greatest projection. 

Let p be the perpendicular dropped from the origin upon 
any plane. 

Then, the angle p, x measures its inclination to the plane of 
greatest projection. 

Let V be the sum of the projections on this plane^ then 
F= X cos p, X + F cos p,y + Z cos p, z, 
but X= X* cos or', x^ F= X* cos !•', y^ Z=^ X* cos x\ z ; 
therefore, by substitution, 
y=^ X' { cos /o, X cos x\ X + cos pyy cos x ^y-V cos /o, z cos x^, z} 

= A . cos p, X . 

Hence, since X' is constant (284.), the value of V depends 
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solely upon cos p, x^ and therefore is the same for all planes 
that form the same angle with the plane of greatest projection : 
which was to be proved. 

Observation. The properties of projection, which have been 
proved true of any plane figures, are true also of straight lines 
projected on three rectangular axes. 
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ON THB EQUATION TO THB FLANB WHICH ItAMMB TBBOTOH 

THRBB GITBN POINTS. 

387. Pbop. 1. To find the. equtioii to the pkoe iMA 
passes through three giv^ points. 

Let X ^ y ^ z 9 be the co-ordinates of the first point, 
x'% y , /^ tibose of the second^ 
' *'", y", /", those oFtfie Oird. 
The equation sought will be of the form 

. Ax + By + Cz^D (l). 

The substitution of the given co-ordinates for x, y^t in (l) 
furnishes the three following equations : . 

Ax +%' +C/ =A 

Ax'^ + By'^^-Cr^D. 

Whence^ deducing by the ordinary method of elimination^ the 

ABC 
values of — , -f: j f., and assuming the common denominator 

= D, we have 
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B = X'2"' -X"V+ J'V + X''^" + X'W -X'z", 

c =y x"' -f'x' +y"x'" -y v'+y V -y v, 

D = /y V" - /y V + *yV + x"yY' + x"'yY - x"V V. 

Now il is equal to twice the area of a triangle, ia the plane 
of yz, the co-ordinates of w.bose angular points are 

Art. 64. Cor.; and this is evidently the projection on y;:; of the 
triangle in space, which is formed by joining the three given 
points. 

Hence, if a denote the triangle in space, a^, a^, a^ its re- 
spective projections, and p the perpendicular dropped upon it 
from the origin, we have 

and similarly, JB= ^a^ I (2). 

D 



^8"°' P " t/(AHJ3«+(7) 



(265), 



but a* = fl/+fly' + fl/ (277), 

=:i(A«+S*+C«)from(2); 

A •(il»+B'+C?) = 2fl; 

D 

therefore, by substitution, p= — , or D = 2ap (3), 

whence, replacing the indeterminate coefficients A, B, C^ D 
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by iheir values to (2) and (3), the equation to the plane passing 
tbreo given points finally becomes 

or fl,.Jr+ o,.y+ fls.t= ap (4). 

388. Cor. l. The volume of a tnangular pyramid being 
equal to j of the area of the base multiplied by the altitude, it 
follows from (3), that D = six times the volume of the pyramid, 
whose vertex is the origin, and whose base is the triangle in 
space. 

SSg. Cor. 2. From equation (4), when translated into 
geometiical language, is deduced the following theorem : 

If any point be assumed in the plane which passes through 
a given triangle situated in space and referred to three reel- 
angular planes, the volume of the pyramid whose vertex: is the 
origin, and whose base is the given triangle, is equal to the sum 
of the volumes of the three pyramids, whose vertices are the 
atiuined point, and whose bases are the projections of the given 
triangle on the planes of xy, xz and yz. 

For, let P, (x, y, z,) be the assumed point; then, retaining ibe 
lame notation as in the proposition, af.z = three times ibe 
volume of the pyramid, whose base is the projectioD ao-yz, and 
whose altitude is x, or vertex P. 

The value of the remaining terms of (4), may be similarly ei- 
presHed. Whence the truth of the proposition. 

J'or this elegant theorem we are indebted to Mongb, who 
(tavo a demonstration of it, on other principles, in the Joum. 
de CEcole Polytech. 14'. Cab. 

390. It may not be superfluous to present another proof 
of Monge's theorem, which has the advantage of being inde- 
pendent of the foregoing proposition. 
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The same notatioQ being retained^ 

X cos PfX+y cos p,y + z cos p,z = p, 
is the equation to any plane. 

Multiplying each member of this equation by a, we have 

I 

ax cos p^x -h ay cos p,y + az cos p^z^ ap\ 

but (277), 

a cos p,x=ia^ a cos p^y = a^, a cos p,z ^ a,, 
therefore^ by substitution^ 

Ox.x + a^.y + a^f.t ss ap, 
UB was to be proved* 
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ON THE STBAIGHT LINE WHEN REFERRED TO OBLIQUE 

CO-ORiriNATES. 



291* With the view of avoiding unnecessary detail, we have 
hitherto confined our attention to the case in which the co- 

a 

ordinate planes are rectangular. But although it is seldom 
requisite to use oblique co-ordinates, yet cases sooietinies 
occur, in which the employment of them leads to elegant and 
useful results. We propose, therefore, to allot this and the 
next Chapter to the consideration of the straight line and plane, 
when they are referred to any three co-ordinate planes whatever. 

292. If p be any straight line in space, and p^ p^ denote 
its projections on the planes of xz and yz respectively, then the 
equations to p will retain the sanrie form as before, 

X = az + a, 

y = bz+fi, 

in which a, /3 have their former acceptation, (231), and 



sin p , z 
sm pj,, xy 



sin px^ xy 



293. Let AP = p be any straight line passing through tlie 
origin, AM, MN, NP its co-ordinates, (fig. 79,): from 
N, P drop the perpendiculars Nn, Pp on the plane of yZf 
join WJ9, and draw NQ parallel to AX. 

Then Nn = NQ sin NQN=x sin x,yz, 
Pp = AP sin PAp =/o sin p,yt. 
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but Nn = Pp, since Np ia evidently a rectangle; 
.' . X sin s,yz = p sin p, y Z, 



sin p,yz 

or jr = ■ ^ ^ p 

smx,yz'^ 

Id like manner it may be proved^ that 
y = 



■ 0). 



135 

4 



and : 



in p, xy 



.(2), 



iz.jry' 



Hence, if the coefficients of p in (l), (2) and (3), respectively, 
be denoted by m, n and p, there will result 

x=mp, y — npj z=pp. 

These are the equations whicb are commonly used to cha- 
racterize a straight line in space, when referred to oblique co- 



294. From Art. (2Qi.) it appears, that the form of the 
equations to a straight line is not alfected by the inclination of 
the axes ; whence it is evident) that the equations to a line 
passing through one or through two given points, and the con- 
ditions of parallelism or of intersection of two lines, will occur 
under the same form, whether the co-ordinates be oblique or 
rectangular. It will be necessary, therefore, to direct our in- 
quiries to those propositions alone, which involve the consider- 
ation of distance or of inclination. 

2Q5, Prop. 1. To find the distance of any point frem the 
origin. 

Let P be the point, AX, AY, AZ the axes to which it is 
referred; (fig. 80.). From M, Ndrop the perpendiculars Mm, 
Nn upon AZ, and draw Mp parallel to AZ. 

Let AP = p, AM=x. MN=y. NP=z, 
Then AP^ = JN^ + NP' + 2 AN. NP COB Z AN. 



^ 
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But Air^AM^+MN^+^AM.MN COB TAX , 
= J?* +3f* + «xy cos x,y. 
And ilN'cos ZAN^AnssAm+Mq^xcoBx^x+jf coB]f,x; 

therefore by substitution in (iX we have 

f)*=:x*+y+«*+«xy cos x,y+^xx cos jf, «+fijf jt coe jr^ «. 
Whence the dbtance required is known. 

296. Cob. 1. Let ABiPC be an oblique pnrdhlBpiped^ 
then by^the proposition just proved^ (fig. 81.X 

ilP*=a?*+y*+j?*+£xy a>B x,y+^xz c(Mx,z+9yxxo§ y,Xr 

also 

itfC*=J?'+y*+z*— fi«y cos x,y^%xz cos x, z+2yx ooi jr, jt, 

jBCi* = j?+y*+2f'— 2apy cos x,y+«xxr cos x,z^^jfx coe jr,jr, 

■ ■ 1 

NL^^3i^+j/^+z*+2xy cos x,y— «xz cos ar,«— 2jf« cosjfjS; 

Wherefore, Jn an oblique parallelepiped, the ium of the 
squares of the four diagonalsy is equal to the sum of the sjftfares 
of the twelve edges. 

297- CoR. 2. Since x^mp^y ^ np, z^pp^Yte have, on 
substituting, and dividing each side by p^. 



.«j « , _2 



^ +n +p*+2w«cosx,y+2w|>cosx,2:+2npcosy,« = l torad. 1 • • (l), 

^r^torad.r . ,(2). 

The same relation subsists among the coefficients m,n^p of 
any other line p. 

298. Prop. 2. To find the distance between any twQ 
points in space. 

Let P and P' be any two points, ^^V; ^' the co-ordinates of 
the latter, and suppose PKss^. 



ON OBLIQUE CO-ORDINATBS. 837 

Then S may be considered as the diagonal of ft parallelepiped^ 
'whose edges are 

x'-x, y-y, /-;r; 

therefore (295), 
S* = (/-:c)«+(y-y)- + (/-z)-+2 (x'-x) (y-y) cos x,y 

+ 2 (x'— x) (z'-^z) COS x,z + 2(y— y) (z'^-z) qos y,z. 
Whence the distance sought is known. 

■ 

299* Cor. Expanding the right hand member of the equa- 
tion^ reducing it by means of (295), and replacing £^ by its value 
p* +p^^2pp COS p,p\ we have 

p' + p" — 2/»/»'cosp,p'=:/o*+p'* — 2 {xx' + (yz+zy) cosy, ;«} 

— 2 {yy + (xz* + Z3/) cos x, z} 

— 2 \zz' + {xy +yx') COB x,y}. 

300. Prop. 3. To find the inclination of two straight 
lines in space. 

Tl^rough the origin draw two lines APf AF^ parallel respec- 
tively to the given lines^ and denote them by p9py then the 
angle p, p will be the inclination sought. 

For X, x' , . . in the last Cor.^ let mp, mp\ .. be substituted; 
and let the angles x, y; x, z; y, z he denoted by a, fi, y^ 
respectively; the result thus obtained, when divided by ^pp^^ 
becomes 

cos p'p = 

/+wn +fp'+(m» +W)coso+(mp'-l-pi»')cos/3+(wp'+|)«0cos7forad. 1 . (1 

or as 

mm +nn -{-pp' '\-(nm '\-mn) cos a+(«ip'+pm') cos fi+(np +pn) con y 
|/{m*+w*+p*+2mii cos a-h. .} /{»/*+» *+/*+2wiV cos a+. . } 

to rad, r • .(2). 
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301. Cor. 1. Whentiie aies. are rectangularj 

cos x^y, cos Xy z, and cos y, z each = O, 

and we again fail upon the expression for cos p, p in Art. (248). 

302. CoE.. £. The former of th^se values of cos p^p may 
be written as follows : 

cos p^ p'= m {w + ft cos j,y+p cos Xy t\ 

+ ri \n +wicosy, x4-p cosy, z\. 

+ p \p +mco8 ZfX-^-n cosz, y}« 

Now^ if from P perpendiculars be dropped upon each of the 
axes^ Pp being that upon AX, then, (fig. 82.) 

Ap = JM+Mm-\'Nn, 
or p cos p,x = x+y cos x, y + ^ cos x, z 

=:mp + np cos x^y+pp cos x,jr; 
.'. cos p^x=^m + n cos x, y -{• p cos x, %• 
Similarly^ cos p,y = n + m cos x^y -{• p cos y, z, 

cos p, z =/) + w cos x,z '\- n cos 2:, y ; 



,*. cos p, p' = /w' cos py X ■\- n cos p 



, y +p cosp,z| 
,y -^ p cos p z' 



or = 7w cos p\ X + n cos p 

303. Cor. 3. If for m,m,. their values (293) be substi- 
tuted, then 

^ sinp\yz sin p\xz s\np\xy 

cos p,p = — * cos iO,a:+-r-^ cosp,y +-T-"^ =^cosp,z, 

8in x^yz s\n y^xz sin z, xy '^ 



8inp,yz 
or ss- — cos 
sin x^yz 



, sm p,xz , sin p,xy , 

P , ar + -r-^ cos P ,y + -^ ^ cos p , z. 

' siny, J2 ' sm ?, xy • 



(:!HAP. X. 



ON THE FLANB WHEN REPERRED TO OBLIQUE AXES. 

304. Whatever be the system of co-ordinates employed^ 
the equation to the plane presents itself always under the same 
form 

p^x cos p^x + y cos p,y + z cos p, z^ 

or, if Af =5 cos /9, j:, N= cos p, y, P = cos p, z, 

p = Mx+ Ny +.Pz. 

r 

We shall^ therefore^ cotifine our attention/ as in the case* of 
the straight line, to those propositions alone which are affected 
by a change in the inclination of the co-ordinate planes. 

305. Prop. 1. Giv6n the equation to any plane II^ to 
find its inclination to each of the co-ordinate planes. 



« • 



Let the given equation be 

p:=Mx^ Ny -\- Pz. 

Now, in general {303), » 

/ sino,yz , 8\np\xz . sinp,xy 

cos p, p = . ^ •^ cos P, a?+ -r-^- cos p,y -f -r-*- — =^cos p, z. 

'^'^ 8\n x,yz '^ am y,xz '^'^ smz^xy ^^ 

Suppose that p is perpendicular successively to the planes 
of yZj xz, xy\ then, substituting for cos p,x; cos/), y, and 
cos /o, z, their vahies.ilf, N, and P, ^wc have 
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TT 1 *^ . COSyZ.XZ ^- . C08VZ.XV 

sm x^yz sin y^ xz sin z, xy 

cos n, xz = _, N + — : *2L. jf .^ _ !_£. p^ 



cos n^ xy 



sw y, xz 
1 



81Q x,yz 



sin js^ xy 



p ^ cosjy,yz j^ ^ co8xy,jz 



sin z, xy sm x,yz nmy,xz 

The inclinations sought are therefore known. 



N. 



306. Cor. Let the co-ordinate planes be rectangular. 

Then sin x,yz^ \, cos xtj yz ^ O, 

and the same being true with respect to the other trigonometrical 
functions involved in each equation, we have 

cos n, yz = M 

= /. cos p, Xf 

which it ought to be ; since p being perpendicular to II, and x 
to the plane of yz, the angle p, x measures the inclination of 
the two planes. 

307* Prop. 2. To find the relation diat subsists amoug 
ilf, N, P, the coefficients in the equation to a plane. 

Since p=^Mx + Ny + Pz=: {Mm + Nn+Pp} p. 

we have, on dividing by p^ 

Mm + Nn + Pp=\ (1); 

or, substituting for m, n, p, their values (293.) 

«'»/Q>y^ jj^l sin p,xz ^^ sinpyxy p_^^ 
8inx,yz sin y,xz sinz, xy * 

but sin/»,yz = cos n, yz, and so on ; 

cos n, yz ,^ . cos n, xz ^_ cos 11, xy ^ 



«in x,yz 



smy, xz 



sm z, xy 
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313. Cor. 1. When the line it perpendicii] 

mM + nN+pPsz i. 

31'4 CoK. S. Let the-axet be fMtangalw ; 



.u • . « mM+nN+pP 



I*" i 



• « 



11. 



CHAP. XI. 



I J 1 z 



ON r^E TRAN-SFOR^MATION OF CO-ORDINATEa IN SFAI7E.. 

315. Pi^or-. 1. . To pass ftom. oae p^ysjtem 9£ oblige. ax09 
to another^ the origin being the same. 

Let Xi y^ z and s\yp z' be the co-ordipates of a point referred 
to the primitive and new axes respectively. 

If the same reasoning be applied to the plane, which was 
used (72) in the case of the strsught line) it may be proved 
that the primitive co-ordinates are linear functions of the new 
ones ; we shall assumfi^ therefore, 

y^'OB^m.x +wy -rfz, 

in which the constants myn,p are now to be determined. 

Suppose tiiat y and / each = 0, or that the point is on Alt, 

. X sin x\ yz 

then w = — =?: . ■' ' '^ - , 
x* sin x^yz ' 

"by Art. (293), sinqe p is here = / ; 

, y sin xf, xz 
3P smy^sfz 



„_z _ smx,xy 
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In like mumerj by lapposiog the pdnt to be aucceasively od die 
«9Le8 AT, AZ^ we mey obtain ibe valnes of n, mT, n^ waA of 
P,P9p'* We havey tberefbre^ by snbstitatioiiy 



V. 



*=h {J sin /yyz+y m/,jfx+z aio /, jra} 









be aymmetrical form of dieae. ^pnasifaMi^ 



^^l^LTl-L 






easily be rememberecL 

3l6. Cor. 1. Let tbe primitiTe axes be roGii|lq^^ 
the new ones oUiqae. 

Then Ae denonuiiator in each .of ,the for^sq|Pg, ^ffOTW 
becomesasi; also '^.w^r. 

and similarly for the remaining terms; we therefore have 

X sz x' cos x\ X +y COS y, ar +/ cos x ^x- 
y = jp' cos jp', y'^y cos y 
z = X COS x', z +y' cos y' 

and since the primitive system is rectangular^ we have the 
following equations : 

cos* x', X + cos* x', y + cos* x\ 2 = 0% 

cos*y', X + cos' y , y + cos* y,z = 0? • • • « (q). 

cos* /, X + cos* /, y + cos* z\ z = 0^ 

Hence, of the nine angles involved in (S), six only are inde- 
pendent, since equation (a) gives three of them. 

317. Cor. 2. Let both systems be rectangular. 



f\x+/ cos z\x-\ 

/,y + z' cos /,y > .... (2), 

f'jZ +/ cos /, z^ 
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Theo, since x and y, x and z, y and z'j are at right angles 
to each other, we have, (247)j 

COB x', X COS y , I+COB T\y cos y,y +cos x', z cos y, z =:0\ 

cos a/, X cosz', x+co8x',y cos z',y-¥coax', z cos z', « = 0> . .(^). 

cos^fXcos x',x+caay',y cos z',y+coay',x cos z', z=:0} 

These equations (/3), together with the other equations of 
condition (a), reduce to three the nine constant coefficients 
which enter into the general formulas (2) ; whence it appears, 
that three independent angles are sufficient for executing the 
proposed transformation. That it requires, indeed, only three 
angles to determine the position of the new axes may readily be 
shewn. 

Let AX, AY, AZ and AX', AY, ASf be the two proposed 
systems ; (0 the trace of xy on x'y, and the / x'y'j xy the 
inclination of these two planes. 

Then the position of the second system relatively to that of 
the first, v:\\\ depend on the three angles 

x'y, xy; t,x and t,x'. 

Por, the new axes being rectangular, if the position of any two 
of them, jl^', AY' for example, be given, that of the third AZ 
will necessarily be known; also, since AX', AY' are at right 
angles to each other, the direction of the latter is deducible 
from that of the former, when the plane x'y, in which both are 
situated, is given. Hence, the relative position of the new 
axes, witli respect to the primitive ones, will be determined 
when the position of x'y' and of Ax is known ; that is, when 
the angles 

x'y, xy; t,x and t,x', are known. 

318. Prop. 2, To pass from a given system of rectangular 
axes to another, whose position, relatively to that of the former, 
is luiowii. 
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The three angles necessary for fixing the positbn of die new 

axes are (317), 

a 

xy,x,y\ tyx\ and t^x. 

The aun, therefore, of the problem, is to express in terms of 
these angles, the nine angles of (2)^ namely^ 

X J X\ X fjf I X f tf 

y\^\ y\y\ y\^3 
^3^\ ^>y; ^#^* 

I. To express the first system x\ x\ x\y and J, z. 

Let AX' be the axis of x\ and AT the trace (0 of x'y upon 

xy, (fig. 83). 

In AX' take Jlx's l, and conceive it to be the radios of a 
sphere, whose centre is il^ and which cats the planes of 

x'x^ x'y^ x'z, and of tXj tx, 

in the arcs of great circles, 

afx, x'y, x'z, and tx, tx'. 

Then these arcs will respectively measure the angles 
x\x\ Xyy\ x', z, and ^^x; ^,x'. 

Also the Z x'tx will equal the inclination of the planes xy y xy. 
Let ZJz be an arc of 90^ passing through x'y and meeting xy 

in z. 

Then^ since in any spherical triangle 

cos c = cos a cos 6 +8^ a sin 6 cos Cj 
we have 

(1) In the triangle x'x^, 
cos x', X = cos t, X cos t, X + sin t, x sin t, J cos Jy, xy ••• (1). 
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^ (2) In the triangle xyt, 

(obsenrbg that / x'ty = tt — x'y\ xy^ 

and Z ^y = - — ^x)> 

tos X jy=^s\ntfX cos ^, x' — sin ^j x cos f, a?' cos a?y, xy ^*. (3). 

(3) In the triangle x'z t, right-angled at z, by Nftpier's rules, 
cos x\ % ss sin f, x' . sin x'y'j xy ..^ ••••••. . .* . (3)* 

^ II. To express the second system y'y x\ y\y and y\ t* 

Let AY' be the axis oly\ (fig. 84). 

Theuj constructing and reasoning precisely as before^ we 
prove, Mrithout difficulty^ that 

/ (1) in the triangle y'xt^ . 

(observing that /, t^y ^ '- + tyx)^ 

♦ -cos y, X =B •**• cos t^ X sin t, »'+ sin t, x cos t^ x' cos xy^xy ••• (4)* 

(2) In the triangle yy^, 
\y'yy:=i — ^in ^, X COS t, X — COS ty X cos ^, X cos a/y, xy .*. (5). 

(3) In the triangle y x t right-angled at Zy 
cos y',2: = sin ^^x'cos tjX #••... • (6)« 

III. To express the third system z x; z\y and />z. 
Let AZ' be the axis of /, (fig. 85). 
Then, as in the first two cases, we have 

(1) In the triangle zxt, right-angled at z\ 

cos jg'jxss — sin ty X sin t^x' ^ (7)- 

Ii 



cos 
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(2) III tiie triangle z'yt, right-angled at z', 

cos z', y = ain t, x cos t^x' 

(3) The axes of : and of a' being perpendicular to the planti I 
of xy and of x'y', we have 

i. ZyZ=- i- x'y\ xy ; and, therefore, 

cos z, z = COS x'y, xy (9). 

Snbstiluting these nine values ' ' formulas (2) of Art SlO, 
and reducing the results^ we fina itain 

x = »' {cos t,x cos t, . t,x sin (, x' cos a-'y, xy\ 

+y { — COB (, * sin (, J t,x cos I, x' cos a/y', xy\ 

— t' BID (, X sin ap'y, a I 
y=x' \sia t,X cos t,x'— r sin I, a?' cos x'y, ar^j I 

— y Jsin f, X sin t, x'+x. c cos (, x' cos ar'yjiryi ' 
+ z cos (, J sin x'y , xy 

zsaji' sin (,x' sin x^y', xy + y cos t,x' sin xy'.xy 
+ z' cos ^y, ary, 
which are the formulas required. 

319- Cor. These formulas may be considerably simpliSed, 
if the trace AT be assumed as the new asis of x'. In this 
case AX' coinciding with AT, ihe Z(, i' = 0; therefore, 
making sin t, x' = 0, ^id cos t, x' = I, the reduced . fonnnlas 
are 

X =x' cos I, X +y sin (, X cos x'y, xy, 

y = x' sin t,x—y' cos t,x cos x'y, xy-Vz' cos t, x sin x'y, xy, 
z=y sin x'y, xy + z' cos /y, xy. 

Observation. The transformation of co-ordinates from one 
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jjgpectangular system to another, is subservient to Various important 

inquiries in the higher departments of Mechanics. Among the 

^^^fferent methods which have been proposed for executing this 

•^;^peration^ the one above given is the most generally used. 

it was employed for the first time by Euler, and was afterwards 

^adopted by Lagrange and Laplace. 

320. If the origin^ as well as direction, of the axes be 
iChanged^ let a, b, c be the co-ordinates of the new origin ; then 
it is only necessary to add a, 6, c respectively to the values of 

^,y,z in the general formulas (2). 

• ■ ^ 

When the origin alone is displaced, and the new axes are 
supposed to remain parallel to the primitive ones, thea the 
fbrmulas become, in this case, 

y = b+y\ 
z^c + z. 

321. Prop. 3. The equation to any surface being given, 
to find the equation to the curye formed by its intersection with 
a plane. 

Let the equation to the surface hef(x,yy ;2;) = . . . . (1), 

and the plane of x'y the intersecting plane. 



Suppose the curve which results from this intersection to be 
referred to the plane x'y^ its trace upon xy being assumed as the 
axis of x\ and a line at right angles to x^, in. the plane x'y as 
the axis of y. Then / will = 0. , 

Hence, the formulas in Art. SIQ, become, in this case, 

x = x' cos t,X'\-y sin t, x cos xy\xyy 

y = x^ sin tjX — y' cos t, x cos a:'^', xy, 

z='i/ sin x'y;xy. 



s&e 



values of x,y, z being substituted in (1), (be resulunf 
I will espreaa the nature of ihe curve requb-ed. 

■ In the actual application of tfaese formulas, it will be 
lent to denote the angles involved m them by lin^ 
\ shail BBsume, therefore, 
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= +• 


322. Prop. To pass 
oidi Dates. 




■ectangular, to polar, co- 


Let P be any point in spac 




erred to A as the pole, the 



radius vector (r) being AP. 

'Hien the simplest form of the polar equation to P, will be 
that which involves r and the angles r, j ; r,if; r, z. 

The angles, however, most commonly employed, are those 
which the projection of r upon xy forms with r, and with die 
axis of X. 

Hence, if coDformably to the notation used in Chap. viii. 
r denote the projected radius vector, the polar co-qrdinates «31 

r, and the angles r ,r; r^.x. 

Let x,y,zhe ibe rectangular co-ordioateB of P, oamely, 

AM, MN, NP, (fig. 76.), and join AN, JP. 

Ilieii it is evident, that AN=r,, and that AMN and PAN are 
i%ht angles. 

Hence, AM=AN cos MAN=AP cm PAN cos MAN, 

or x = r cos rs, rcos ri,x (l). 

Similarly y^r cos r», r sin rt,x (2), 

z~riinr,,r,., (3), 
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mbkh values of x,y, z, when substituted in any equation between 
these quantities^ will furnish the polar equation required. 

If the pole be transferred to any point S {a, )3, 7), we have 
only to annex a, /3 and y respectively to the values of x, y 
and z just deduced. 

Observ^ion. If the angle rt, x be supposed to vary from 
to 360^, and the angle rg, r from to + 90^ then the position 
of each point in space will be completely determined by the 
signs of the trigonometrical functions of these angles. The 
aign, therefore, of the radius vector must always, as in Part ly 
1^ coQsidered positive. 



SECTION II. 

ON THE SPHERE^ CONE^ AND CYLINDER; AND ON 
SURFACES OF REVOLUTION. 



CHAP. I. 



ON THE SPHERE. 



323. Prop. 1. To find the equation to the sphere. 

The equation sought will be obtained by expressing ana- 
lytically that the distance between the centre and any point on 
the surface of the sphere^ is invariable. 

Let a sphere, whose radius is (r), be referred to any system 
of oblique axes ; suppose x\ y, % to be the co-ordinates of 
the centre, and x^ y^ t those of any point on the surface. 

Then^ the dbtance between the two points (^x , t/t /) and 
{x, y, z) is expressed by the equation 

+ 2 (a? — x') iy^y) cos i", y + %{x — x) {z — z) cos x, z 
-|-2(y — y)(j2; — ;?') cosy, ;s = r^ 
which is the equation required. 

CoR. When the origin is at the centre^ then x\ y , z are 
each = 0^ and the equation becomes 
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lf«+y + z^ + 2 iy co8Xjy+2xz co»x, z+2yz cosy,z = r*. 

324. Prop. 2. To find the various forms which the 
aquation to the spheref assumes^ when the axes are supposed to 
be rectangular. 

Since cosXfy, coax,z, and cosy^z each =0^ the general 
equation becomes 

(x-/)*+(y-y)*+(^-/)« = / (1).' 

Let the origin be upon the sphere. 

Then, since j:'*+y* + 2'* = r*, equation (1) becomes 
x''-2jx +/-2yy + r^-22/=0 (2). 

Let the origin be upon one of the co-ordinate planes^ upon 
that of xy, for example. 

Then, since z'=0, equation (l) becomes 

(x'-x'f + (y-y/ + 2* = r^ . (3). 

Let the origin be upon one of the axes, upon that of z, for 
example. 

Then, since y and / each =0, equation (1) becomes 
(T-xT+y+^* = r* (4). 



It • 



When the origin is supposed to be upon either of the planes 
tz, yZy or upon either of the axes of y, z, the form of the 
equation will be similar to that of (3) or of (4). 

Let the origin be at the centre. 

Then, since x\ y' and z' each =0, equation (l) becomes 

x^ +y' ^z'^rK- (5). 

Observation. The equations most generally used are those 
narked (l) and (5). ^ 
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826 • Prop. 3. To find the intersection of tbe sphere with 
each of the co-ordinate planes. 

Let the sphere intersect the pkne of xy. 

Then^ since x^Oj equation (1)^ in the hst article, becomes 

(*-/)«+(y-y)»+2'«=f*; , 

which is the equation to a circle^ the co-ordinates of whose 
centre are j/ and y, and whose radius = V^(f * -^ /*)• 

In like manner it may be shewn that the sections^ of the 
sphere^ made by the planes of 72 and yz, are circles. 

336. Prop. 4« To find the section of the sphere made by 
any plane whatever. 

Let the sphere be referred to a system of rectangular co- 
ordinates originating at the centre ; then, its equation is 

^•+/+z* = r» 0). 

The intersecting plane being supposed to pass through ai 
point (a, bf c), the nature of the section will be determined by 
substituting for Xy y, i, in (1)^ the following values (32 1) 

xssa+x' cos 0+y sin cos 0j 
y^b+x' sin ^ — y' cos cos 9, 
z^c +y su 9» 

This operation being executed^ and the resulting expression 
reduced, we have 

y'*-far'*+2{(a8in0— 6co80)co8d4-csin6}y +2(acos0+68in^)j 

= r»- {a» + 6« + c»}, 
which is the equation to a circle. 
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Whence it appears that every aection of a sphere^ male by 
a plane, is a circle. 

dS7* Prop. 5. To find the equation to a tangent plane 
drawn through a given point (x\ y, %) of the sphere. 

The equation to a sphere, when referred to rectangular axes 
originating at the centre, is 

»*+y*+^=^ (0. 

Also, the equation to a plane drawn through the given point 
(Jy y\ A is 

Jl(x-xO + J5(y-y) + C(z-/)=0....(2), 
in which A, J3, C, are to be determined. 

* 

When this plane is supposed to touch the sphere, it will be 
at right angles to the radius passing through the point of con- 
tact ; now, the equations to the radius being 

X y 

we have (264) il= • C, and B^^^ C\ 

z z 

therefore, substituting these values of A and B in (2), and 
dividing by C, there results 

X (x-«)+y(y-y) +z (2J-/)=o, 

and, multiplying out, and transposing, we have 

Tx' + yy + Z2' = x»+y* + /» 

= • r* 
— • . r , 

which is the equation required. ' 

Kk 
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The same equation may also be thus obtained. 
The plane 

X cwpfX+y cos p,y + z cos p,z^p (1)^ 

will evidently touch the sphere when p=:r. 

x' 
But, in this case, cos p,x^ cos r,xss -^ ^ 

r 

y 

co8p,y = co»r,y=^, 

T 

» 

Z 

COS p, z^ cos r, z = - ; 

r 

therefore, by substitution^ equation (1) becomes 

**' + yy + 252' = r*, 

as before. 

338. CaB. It may easily be shewn that if the sphere be 
defined by the equation 

(x-a)»+(y-/3)»+(;2;-7)* = r», 

the equation to the tangent plane^ applied at the point (j/, y', z'\ 
will l>e 

(x-a)(x-a)+(y-/3)(y-/3)+(2'-7)(;s-7)=:r». 

339- Prop. 6. To find the equation to a plane, which is a 
tangent to two given spheres. 

The axes being assumed rectangular, we shall suppose, for 
the sake of simplicity, that the plane of xy passes through the 
etMffes of the two spheres, and that the axis of x coincides with 
the line joining their centres. 

Hence, if r, / be the radii of the spheres, and i the distance 
between their centres, the equations to the spheres will be 
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f-^ *'»+y' + 2'»=r* (I), 

ix" -S)*+ y"* + z'"- = r". (2). 

^Ji Now the equation to the plane which touches the first sphere 
li (327) 

XX ^yy ^zz ^r^ (3), 

fl 

mnAy in order that it may also touch the second sphere, the 
Ijperpendicular dropped upon it from the centre of the latter 
^ust be equal to r . 

^jt The length of this perpendicular 

hx — r* ^ ^ 

and, as the spheres are situated between the tangent plane and 
the plane of <vy, the lower sign must be used ; 



hx' — r* hx'-r 



vjc — r vjL — r 



.•.y=-j(r-r'); 
whence, substituting this value of x in (3), and trensponng, 

V 

zz^r^ -yy — J (^ - r) x^ 
but z= •(r*-ar'*-y*); 

v(r — J?'— y ) 
or replacing x* by its value above deduced, 

5r* — iyy '^r(r'^r)x 
"^ " l/{3»r» - r» (r - r')*^ 3y »} ' 

which is the equati6n required. 



i 
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330. Cor. Lei z=0^ then, since ^p4^9 
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CHAP. II 
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^:.. 33 L De^nition. A cylindrical surface is generated 
^ by a straight line which moves parallel to itself in space^ and 
describes with its extremity a given curve. 

The straight line is called the generating Une^ and the given 
curve^ the directrix, or base. 

The surface generated is said to be that of a right, or of ,an 
oblique J cylinder, according as the generating line' is at right 
angles^ or inclined^ to the plane of the directrix. 

332. Prop. 1. To find the equation to cylindrical surfaces 
. IB general. 

Let the equations ta the straight line in any position be 

the quantities a, j3 being variable, while a, h remain constant, 
since the line is always parallel to itself. 

Let the directris be supposed, for the sake of simplicity^ ta 
lie in the plane of xy^ and let its equation, therefore, be 

/(X,r>*:0 (2). 

Theu^ since the generating line always moves through a point 
(^ = X, y^Yf z^Of) of the directrix, we have 



so* ANALYTICAL GBOMBTRY. 

Hence, if these values of X and Y he substituted in the equa- 
tiou (2), there results 

f{x~az, 7/ — bz\=0, 
which is the equation required. 

333. Ex. To find the equation to an oblique cylinder, when 
the base is Rupposed to be a circle. 

If the origin be at the extremity of the diameter Sr, then 

X^+Y^ = irX-, 

therefore, making the requisite substitution, we have, for the 
equation sought 

ix-azf + (y~bz)'' = 2r{x-az). 

334. Prop. 2. To find the nature of the curve formed by 
the intersection of a plane with an oblique cylinder. 

Let the cylinder be supposed to have a circular base, the 
vertex of the diameter being the origin- 

As we are at liberty to give any inclination whatever to the 
intersecting plane. Me shall suppose it to pass through the 
origin, and to be perpendicular to the plane of xz. Its trace 
upon xy.wili thus be the axis AY. 

The formulas of Art. SSI, tberefcHV, become, since x'x — SOP, 

X =y cos $, 

z =y sin 0. 

Hence^ substilutbg tfaeie values of x,yt z in the eqaatitMi to die 
cylinder 

(x — flz)*+y = «r {x—az), 
there results 

{tosd-a smSfy'+x'^ — iry' {cos6 — a sin0)siO, 
which is the equation to the curve of intersection. 
This curve is an ellipse, (203) 



CHAP. Ill 



ON THE CONE. 



335. Def. a conical surface is generated by a line 
which passes through a given point in space^ and describes with 
its extremity a given curve. 

The given pointy line and curve, are called, respectively^ the 
vertex* J the generating line, and the directrix, or base. 

Since the generating line may be produced indefinitely up- 
wards^ the surface will be composed of two similar portions, 
one above, and the other below, the vertex ; each portion is 
called a sheet i, this term being understood to bear the same 
relation to surface, that branch does to curve, 

336. The conical surface, usually considered, is that whose 
base is a circle ; the line joining the vertex and centre of the 
base is called the axis of the cone. The surface generated is 
said to be that of an oblique, or r^htj cone, according as the 
axis is incline^!, or perpendicular, to the plane of the base. 

337. Prop. 1. To find the equation to a conical surface 
in general. 

Let the co-ordinates of the vertex be x , y, z. 

Then the equations to the generating line will be of the form 



* This pQmt is someCitnies called the centre. 
t The word used by French writers is nappe. 
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the quanlitieB a, b, being indeterminate. 

Let the equation to the directrix, wliich is supposed as in 
last Chapter to lie in the plane of xy, be 

/(J, D = (2). 

Since the generating line must always pass through a point 

(* = Z, y = X, 2=0), 

of the directris, we have 

X-~x'= —az, or X = x' — az\ 
X-y'=-hz', or r = «/'-6z') 

therefore, substituting these values of X, Y in (2), we have 

f{{x'-az'). cy-Az')}=0. 
or, since r', y', z are given, 

/(a,i) = 0, 

but a — 7 , b = ^ — ^, from equation (1); 

K—Z t—z 

therefore, by substitution, there results 

■' le-/' z — zi 

which is the equation required. 

.338. Ex. 1. To find the equation to a right cone^ of which 
the base is a circle.' 

Since the vertex is situated in the line which is drawn from 
the centre of the circular base at right angles to the plane of xy, 
we shall have for the equation to the directrix, 

(X-:t')'+(r-y)« = r'i 
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iherefore replacing JC— x' and Y'^y' by their Yalues in (3), we 
have 

a z +0 z ==r ; 

V 

hence, substituting for a and b^ there results 

z 

which is the equation required. 

339* CoR. The centre of the directrix being assumed as 
the origin, x' and ^ = 0, and z' = c; the equation^ therefore^ 
becomes 

c 

This is the equation by which the right code is usually charac- 
terized. 

340. Ex. 2. To find the e^uatioii to a cone^ of which 
the base is an ellipse. 

The centra of the ellipse being assumed as the origin^ let the 
equation to the directrix be 

il'r + B*X* = il'B* (1). 

NoWj silice x' and y' each = 0, the values of X and Y in (3) 

become -^ az' and — bz\ or —z'. ji and — / > . 

2: — z z— r 

We have, therefore, by substitution in (l), 

z'^ (^y + BV) = (z ~ z)\ il'jB*, 



V , X /'Z'-Z\* 



which is the equation required. 

• - - ■ 

341. Ex. S. To find the equation to an oblique conical 
surface, when tb^ base is supposed to be a. circle. 

Ll 



SOO ANALYTICAL OBOHBTRY. 

Let du) equition to .the dirMtrix be 

then, by substitutiDg for X and Y their values x'— ax', y—bi, 
we have 

ix' -a:^ -of + {y ~b/~ ^ = t'^ 

or, replacing a and A by — — -j and * — ~ , 

v«bich on reduction becomes | 

\zx~x!^~aiz-z')*}'+ {zy-yz'-/3CJ-z')}' = r*(z-7')', 

the equation required. 

343. Cob. l. If the <Higin be on die circumference of the 
base, then 

a = r, and /3=0j 

therefore the equation becomes 

izx - xzffr^- (zy'—yz'f =ir{z- z') {zx' — xt^). 

343. Cob. 2. When the origin is at the centre of the base, | 
then a and /3 each = 0, and the equation becomes 

i,zx'~xz'f-^{zy'-yz'f = r'(z-xf (1). 

If, moreover, the axis be in (he plane of xz, theny'=0, and 
this equation assumes the form 

(za;'— jrz')*+y*z'* = r* (z — z')', 

or a" ix'+y^) + (x" — r^) z* — ax'z'.xz+^x'r''z=z'*r* = . . . (2), 

When, in this equation x' = 0, the axis is at right angles to the 

plane of the base, and we again fall on the equation to the right 

cone. 

344. Prop. 2. To find the nature of the curve formed by 
the intersection of a right cone and a plane. 

Let the intersecting plane be perpendicular to that of xz, and 
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meet the axis in C, (fig. 86.) assume this point us the origin, 
•nd tike CA^c, CBcar; then the equation to the cone will 
be (839), 

The same formulas being employed as in Art. S34j we have, 
on making the requisite substitutions^ 

y co8*0+x*^ 4 (y Bin 0-c)*; 

c 

wJience the equation to the curve of intersection is 

(c^ cos'0-r' sin' e)y* + cV« + 2cr' sin 0.y-rV = O .... (l). 

This equation belongs to a line of the second order, and will 
represent an ellips^^ an hyperbola, or a parabola^ according as 

c' cQS*d*^r* sin*0 < or > or »c*; 

Aat is, according as 

^ c 

tan < or > or = - . 

r 

or < or > or = ADC* 

The curve will, therefore, be 

(1) An ellipse, when the intersecting plane is inclined to the 
generating line, and meets one sheet only of the surface. 

(Q) A parabola, when the plane is parallel to the generating 
line* 

(3) An hyperbola, when the plane meets both sheets of the 
surface* 

Observation* The varieties of the three curves, as enumerated 
in Art 212, may easily be deduced from equation (l), by giving 
different inclination) to the intersecting plane. 

345. Prop. 8. To find the nature of the curve formed by 
the intersection of an oblique cone and a plane. 
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Let the poiat C, where the iatersecting plane meets the aiii 
of the coue, be assumed as the origin ; draw the plane of xy 
parallel to the base, aud that of xx perpendicular to ihe given 
pUne. 

Then, if the axis of the cone be supposed to lie in Uie plane 
of xz, and the co-ordinates, therefore, of ^ be a apd c, the 
equation to the conical surface will (343) be 

c*(z"+3^*)+(a'— r°)z' — 2aciz + ear*r + c*r* = 0. 
Substituting, now, for x,y,z the same values as in the last 
Proposition, there results 
e» (3/'' cos* + x'O + (tt- — r'jy sin-e -Sac sine cos ^.y" 

+ 2ar'y sin 9 — c'r» = 0. 
Which, becomes, when arranged, 
\{ecQtQ — a smQf — r' sin' 6} y+ eV'+2ar' sin fl .y'— cV*=0. 

Iliis equation belongs to a line of the second order, and will 
represent an ellipse, an hyperbola, or a parabola, according M 

(c cos 6 — « sin Of — r' sin* 9 > or < or =0, 

or c cos 6 — a sin 9 < or > or = + r sm0, 

c 

or tan 9 < or > or = , 

a + T 

or 9 < or > or = ABB or ABD, fig. 87. 

Hence, the curve will be an ellipse, an hyperbola, or a parabohj 
under precisely the same c ire u Distances as in the right coae> 

346, Cor. In order that the curve may be a circle, the co- 
efficients of y and of x" must be equal ; 

.-. (c cos e - a sin 0)' - r* sin' e =©', 
o'sin'0— (I -co8'0)c* — r»sin?0 = 2ac sin 9 cos ft; 
2ac 



which value of 9 may easily be found. 
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For sipce tan ADB=^ —tan ADX^ — 



and tan ABD 



c 
a+r 



> 



.-. tan {ADB'-ABD) = - , ^^f , = - tan = tan (ir- 0), 

a — c — r 

orilDJB-iljBD = 7r-0. 

Draw DE, making th^ 4 4J^E=^ABD, and through C draw 
NCikT parallel to DE ; then DCM is evidently the value of 0. 

The curve of intersection^ Itherefore^ will be a circle^ when 
the angle JMN^ ADB, or ANM- ABD. 

This section is called the sub'contrary section. 

' Observation. It appears from tbe last two propositions, 
that the curves which result from the intersection of a cone by 
a plane, are hines of the second order; for this reason they arc 
generally denominated Conic Sections. 
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OH SURFACES OF REVOLUTION. 

347* Def. If a curve revolve about a fiat line, or aju, 
in sticb a manner that each point of the curve may describe 
a circle whose centre is on that line, and whose plane is per- 
pendicular to it, the surface so generated is called a surface of 
remhtioa. 

It follow* frooi this definition, that if the surface be cut by 
a plane perpendicular to the asis, the intersection will be a 
circle. 

We may, therefore, consider the surface as fonned b; a circle 
of variable magnitude, which moves in a direction parallel to 
itself, and meets the generaUng curve. 

348. Prop. 1. To find the equation to a surface of re- 
volution in general. 

Let the equations to the generating curve be 

/■(j,y,z)=0* 

Then, if x, y, z be the co-ordinates of any point in the 
axis of revolution, the equations to the axis will be 

x — x' = a(z — 2\ 

, \ (2), 
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1^ the equation to a plane perpendicular to the axis will, therefore, 
be (263) 

ax + by+z at C....4, (3), 

and that to a sphere, whose centre is {x\ y\ %\ 
(X - xy+(y ^y'f+(^z-zy = r' (4). 

Now, the circle which results from the intersection of the 
sphere (4)^ by the planer (3)^ may be conceived to be one of 
those which compose the surface. HencCi the quantities c and 
r*, or their equals 

ax -hby + z, and {x-^xf -f {y—yf H- {z-^zf, 

must^ for the same or different points, be constant or variable 
together, in other words> either of them must be a function of 
the other. Hence 

(x-x? + (y—yf -h (;?-;?')*= f(ar + fty + z) 
is the equation to surfaces of revolution in general. 

349. Cor. Let the axis of revolution be supposed to 
coincide with any one of the co-ordinate axes, that of z for 
example. 

Then, the equations to the variable circle^ that is, to any one 
of the circles composing the surface, will be 

2 arc, x^+y szr. 

Whence the equation to the surface becomes 

xH/ = f(«). 

The form of the equation is similar when the axis of revo- 
lution coincides with the axis of x or of y« 



«n 
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Examples, 



350. In the following examples, we shall suppose the geIl^ 
rtdi^ curve to be in the plane of xz. 

(1) Let the generating curve be a parabola ; 

Here y = 0, x' = ipz (1), 

are the equationa to the curve, 

and z = c, x'-\-f = r' (2), 

those to the variable circle. 

Then, in order that this circle may pass through a point of 
the curve, the co-ordinates in these equations must be iden- 
tical; 

Now, when y = 0, x' = r', 
and when z = c, x' = ^pc; 
.-. r* = Spc 
which is the equation of condition. 

Hence, subaliluting for r' and c [heir values in (2), 
have 

x' + f = Zpz, 
which is the equation required. j 

This surface is called a paraboloid. 

(2) Let the generating curve foe an ellipse, and let the revo- 
lution be performed about the minor axis. 



Here y=0, a*z* + 6V = o*A'. . 


..■(1), 


are the equations to the curve. 




and z = c, x^ + f = T- 


■ ■ . (2), 


ihose to the variable circle. 





ON SURFACES OF REVOLUTION. 273 

As before, the equation is 

whence a'z'+ ft*(x'+y) = a'6' 
is the equation sought. 

In like manner, when the revolution is performed about the 
•major axis^ the equation to the surface generated is 

The solid generated by the revolution of an ellipse about 
Neither of its axes^s called a spheroid; and it is said to be 
jtf oblate or prolate, according as the revolution is performed about 
it the minor or the major axis. 

The general equation to the Earth's surface, supposed to be 
that of an oblate spheroid, the difference of whose axes is 
extremely small^ is 

Assume a=l, 6=1 — 5; 5 being extremely small^ then 
y=l-25 + S^sl-sS, nearly; 

. therefore^ by substitution, the above equation becomes 

^" -h / + z^ - 1 - 2 5 (x' + / - 1 ) = . 

(3) Let the generating curve be the hyperbola. 

Then, the equation to the surface generated, or to the Ay- 
perbolmd of revolution^ is 



f 
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SECTION III. 

S SURFACES Of THE SECOND OUDER. 



ON SURFACES OP ■ ORDER IN GENERAL. 

351. anner as lines, are classified I 
according ^^ ^.„ uattons. Thus the plane, ' 
since its equation is ot gree, is called a surface of I 
the Jirst order, and the . linder and cone, are, 
similar reason, called surfaces ot the second order. 

In general, if 

be the equation of the second degree between three variable 
the surfaces, which are the loci of this equation, are said to be 
of the second order. 

Throughout this Section, we shall suppose the co-ordiuale 
planes to have any inclination whatever, unless the coatrarj' be 
specified. 

352. Prof. 1. A straight line cannot intersect a surface 
of the second order in more than two points. 

Let the surface be cut by the line whose equations are 
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. ; Then^ at the points of intersection, the co-ordinates of the 
line and of the surface are identical;, substituting^ therefore^ 
Ae values of j: andy in the general equation^ 

ax^+by*+cz*+2ayz-^2b'xz+2cxy+9^a''x+2,b''y'{'2c'z-hd=:0, 

thfere will result a quadratic equation in terms of z, which can 
have only two roots.. Whence the truth of the proposition. 

353. Prop. 2. To find the locus of the middle points of 
any number of parallel chords« 

Let x^mz, y = nz (g) 

he the equations to any line drawn through the origin and cutting 
the surface in the points P and p : take O (x\ y\ tT), the 
middle point of any chord Qq^ parallel to Pp; then, the 
questibn is to find the relation between x\ y\ and z . 

If the origin be transferred to O^ the equation to the surface 
wiU become 

I 

+ 2a"x + 26"y+2c"z+d=sO, 
and the equations to Q^, 

xzs.mz^ y=^nz* 

Now^ the points in which Qiq cuts the surface, will be de- 
termined by supposing the co-ordinates in^ the respective equa* 
tions identical^ whence 

a (mz+a^T + h (nx ^yf-Vc (« + /)* 
+ % h" (n%'\'y') + «€"(« + z). + d^O^ 
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CHAP, 1. 

ON SURFACES OF THE SECOND ORDER IN GENERAL. 

351. Surfaces, iq the same manner as lines, are clasatAed 
according to the degree of their equations. Thus the plane, 
since its equation is of the first degree, is called a surlace of 
the first order, and the sphere, cylinder and cone, are, for 
similar reason, called surfaces of the second order. 

In general, if 
ax''+bf+cz*+Za'ifz-\-Zh'xz+^c'xif-\-'2,a"x+Zh"y-\-9,c"z-¥d = 
be the equation of the second degree between three variable 
the surfaces, which are the loci of this equation, are said to be 
of the second order. 

Throughout this Section, we shall suppose the co-ordinale 
planes to have any inclination whatever, unless the contrary be 
specified. 

353. Prop. 1. A straight line cannot intersect a surface 
of the second order in more than two points. 

Let the surface be cut by the line whose equations arc 
S^nz +/3. 



^ 
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t Then, at the points of interaection, the co-ordinates of the 
line and of the surface are identical ; substituting, therefore, 
die values of x and y in the general equation, 

ax''+by*+cz'+Za'yz+£b'TZ+^c'x7/+Qa"x+2b"if + Zc"z-i-d=0, 

tbbre will result a quadratic equation in terms of z, which can 
have only two roots. Whence the truth of the proposition. 

353. Prof. 2. To find the locus of the middle points of 
any number of parallel chords. 



Let : 



-(g) 



I 



be the equations to any line drawn through the origin and cutting 
the surface in the points P and p : take (x', if', z), the 
middle point of any chord Qq, parallel to Fp\ then, the 
question is to find the relation between t', y , and z'. 

If the origin be transferred to 0, the equation to the surface 
^11 become 

fl (r + xf + b(y + i,'f + c (^ + zj 

+ 2a'(_^+y)Cr + z')-|-2 6'(T + i')(2 + i') + 2e'(r + r')Cy+y) 

+ Za"x + 2b"y +Zc"z+d = 0, 

and the equations to Qq, 

Now, the points in which Qq cuts the surface, will be de- 
termined by supposing the co-ordinates in the respective equa- 
tions identical, whence 

a (mz + x'Y + b (nx +y'f + c {t + z')* 

+ 2c'<»nJ + r')(ni+7') ->>■ ia" {mz + x) 
+ 2 6"(«!;-t-y') + 2c"(t + 2;') 4- d-=Ct. 



J 
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But, Qq being bisected in O, tlie two values of z \a this 
equation will be equal, and the coefficient of the second term 
will, therefore, vanish ; whence, collecting the terms involving ;, 

+ 3,b'mz' + Q,b'x +icnx' + 2c'n^ 

+ 2o"ff(4-2i"H+2c" = 0, 

or, arranging, dividing each term by S, and Suppressing the 
accents of the variables, 

{am+c'n+b'yx+{c'm + bn+a')y+(b'm+a'it+c)z+a"m+b"n+c"=O..I} 

the equation to a plane, which isj therefore, the locus required. 

This plane, from its property of bisecting a system of parallel 
chords, is called a diametral plane, 

334. Cor. tn like manner, if there be two other cbordBj 
x = m'z+a'; y =«'z +/3' . . . . : .(A), 

x-m"z + a"i y = n"z + ir......(k), 

the corresponding diametral plane will be 

{am +c'h' +b')x+{c'm+bn'+a')y+ib'm'+a'n' +c)z-¥a''m' +6*'n' -t-c^ssO. . 
{am" + c'n"-j-b') x + ic'm"+bn"-i-a')y ■+(.b'm"+a'n"+c) t + a"m"-\-b"n"+e"siO. ■ 

355. Of the three planes marked (V), (e), and (3), the 
direction of the first depends upon that of the chord ig), which 
was assumed at pleasure. We shall now fix tb* telative po- 
sition of IJie two other chords (A) and (A), by supposing, first, 
that each of them is parallel to (I), and next, ^hat either of 
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them^ ky for example^ is parallel to the diametral plane (2) of 
the other. 

Then, since h and *; are each parallel to (1)^ we have (269) 
w! {am + cn + b'}+n' {cm'\-bn + d]+h'm+an+c^O^ 

or, arranging these two ^pressions, 

h' (pi -h»i') •\-d (ji-\'n)'\rc(pin -k-nm) •\-amnl 4"6wn'+c = 0. ,(4), 
h' {ni-\-m) -{-d {n+n')'¥c {mn'' ■\-nm')-\- amm '\- hnn •\-c^0* .(5), 

» 

and, since (A;) is also parallel to (d), we have, in like manner, 
b\m'+m)-\-a\n '{'n)'\-c\m'n'' +dm")+amm '\-^ =0. .(6). 

But, because (A;) is parallel to (1) and (2), it roust be parallel 
to the line of their intersection, therefore the diainetral plane 
{3) of {k\ bisects all chords parallel to the intersection of the 
remaining two diametral planes. 

In like manner, since (4), (5), and (6), are equations of sym- 
metrical form, the diametral planes of (g) and of {h) will bisect 
the chords which are parallel to the intersection of the planes 
(2) and (3), and (1) and (3). 

Hence, it appears that each of these three diametral planes 
bisects the chords which are parallel to the intersection of the 
other two. 

Diametral planes, thus related, are said to b^ conjugate to 
one another: and the intersections of each two of them are 
called conjugate cliameters. 

The number, of systems of such planes is evidently unlimited. 

356. Prop^ ^. To find whether any system of conjugate 
diametral planes can be rectangular* 
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For the purpose of shortening the investigation, we shill 
refer the surface to rectangular axes. 

In order that any three diametral planes may be conjugate 
to one another, the following equations must obtain, 

b' (_m +m) +a' (n +h') +c' (mn' +>im') +amm' +bnn' +c=0j 

b' (m +m'')+a' (n' +n'')+c' imn" +n'm'')+am' m" + bn^n" +c=o} •■■ 

1/ (m + >a")+a\n+tt")+c' imn" + um")+amm" + bTiH" +e=0' 

If we suppose that the conjugate diametral planes are rect- 
angular^ we shall have (251) 

l+mm +H«' =0^ 
1 4-»iW+w'n" = 
1 + mm" ■ 

Our object now is to derive, by elimination from equations 
(1) and (2), the values of m and n; of wi' and n, aad of m" 
and m". I 

Multiplying the first of equations (1) by «", and the last by I 
71, and taking the difference of the products, we have I 

[c + b'm + an] (n" -n') + {a + c'm + bn] {ni'n" — „'m") =0. 

The same operation being performed on the first and tasi 
of equations (2)^ there results 

h" - ti'-^m {m'n" - tt'm") = 0. 

therefore elimiuating n'^n from the last two equatious, we 



i"+M'n" = Oj- ■ 



.(3). 



c + b'm + an 

In like manner, if the Jirst and last of equations (l) and (S) 
c multiplied successively by m", m, and the differeace- of tbeir 
:spcctive products taken, we shall have 
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a -hcm + bfi , . 

y*= . w _^ / (4). 

c + om -i-an 



From (3) is derived 

n = } r • • • Wy 

am-^c 

■I 

and from (4), 

an^+lb'm + c b} n — {cm+a) = 0. 

Substituting in this the value of n from (5), we arrive at a 
cubic equation that must contain at least one real value of m ; 
to which there corresponds a real value of n^ deduced from (3). 
In like manner^ it is demonstrable that there must exist at least 
one real value of ni and n, and of m' and n". 

Now, the cubic equations which serve to determine m^ m, 
and m\ will be found identical^ a circumstance which might be 
inferred a priori from the symmetrical form of equations (1) 
and (2) : consequently, fw, m\ m are the three roots of the 
same cubic equation. Hence^ there can be only one system of 
conjugate diametral planes that are rectangular. 

The intersections of each two are called the principal di- 
ameters^ and the points in which these cut the surfaces are 
called the vertices. 

357 Prop. 4. To find the co-ordinates of the point in 
which any three diametral planes intersect one another. 

Resuming equations (iX (^)> and (3), and arranging them 
with reference to m and n ; m' and n ; m" and n' , we shall 
have 

{ax+cy^-Vz-k-d'} m •¥{cX'\-by'\-az-\-b"} n -h-Vx-h-ay^-cz-^c" ^0, 
{ax'\-cy+b'z-\'a'] w'+{c'a:4-%+a'2;+fe"} n'+b'x+a^y+cz-^c' = 0y 
{ax+cy^b'z-^-a'} m'+icx+by-haz^-b"} n''+b'x^'a^y+cz+c''=^0. 
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CHAP. I. 

ON SURFACES OF THE SECOND ORDER IN GENERAL. 

351. Surfaces^ in the same manner as lines^ are classified 
according to the degree of their equations. Thos the plane^ 
since its equation is of the first degree^ is called a 8urfiM:e of 
the first order, and the sphere, cylinder and cone^ are, for a 
similar reason, called surfaces of the second order. 

In general, if 

be the equation of the second degree between three Tariables, 
the surfaces, which are the loci of this equation, are said to be 
of the second order. 

. Throughout this Section, we shall suppose the co-ordinate 
planes to have any inclination whatever, unless the contrary be 
specified. 

352. Prop. 1. A straight line cannot intersect a surface 
of the second order in more than two points. 

Let the surface be cut by the line whose equations are 

x = mz + a, 
y = nz + /3. 



CHAP. 11. 



ON SURFACES WHICH HAVE A CENTRE. 

K 

359- Prop, 1. To find the form of the equation to sur- 
;' laces of the first class, when the co-ordinate planes are parallel 
f. iiespectively to any system of conjugate diametral planes. 

I r 

The equation to any diametral plane is (341) 

(ow+cn+ft') xHcm+bn+a)y+(bm+an+c)^+a'm+b''n+c'' ==0, 

b: If m and n, successively, be supposed infinitely great, and 
I Aen each be supposed =0, the resulting equations^ identical 
f- with (l'), (2') and (3') of Art. 345, will represent, the diametral 
I jplanes which bisect the chords parallel to the axes of x, of y 
and of z. 

Hence, when the co-ordinate planes are parallel to any 
system of conjugate diametral planes, of the three equations 

ax + cy + Vt + a' = 0, 

the first ought only to involve x, the second y, and the third z. 
It follows, therefore, that 

a' = 0, 6'=:0, c'=0. 
Whence the general equation becomes 

ax^ + by^ + cz^ + 2a'x + 2b"y + 9,c'z + d = 0, 

which is of the form required. 

Nn 
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360. Coa. 1. To find the form of the equation, when the 
centre is the origin. 

[n this case, the equations to the three conjugate diametnl 
planes, will assume the form which is specified in Art. 253. ; 

.-. fl" = 0, 6" = 0, c"=0, 
the general equation becomes, therefore, 

ax' + by^ + f i^ + 2 a'y I + 2 i'x I + 2 cxy + d = 0. 

361. Cor. 2. It follows from the last two articles, ifait 
the equations to surfaces of the first class, when referred to anj 
system of conjugate diametral planes, is of the form 

362. Prop. 2. To find the equation to surfaces of the 
second order, in terms of a given system of conjugate diameten. 

The form of the equation to the surface, when referred to 
conjugate diametral planes, is (353), 

Aj' + By + Cz' + D = (1). 

Let 2a', 26', 2c' be the given system of conjugate diameten 
Then, if in (!) we suppose x and y, x and z, y and ji, str 
cessively=:0, the resulting values of z, y, x will be respectivtl* 
/j 6', a. We thus have 

2 or c» = --;.-. C =- -r,, 

X or fl = ■ ; .". J = — -7; . 

A a 

Substituting in (1), these values of A, S, C, and dividing eac) 
term of the result by -~D, we obtain 



which is the equation sought. 
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363. Cor. IfSa^Si, 2c denote the prbcipal diameters^ 
^^en the equation to the surface^ when referred to these^ be- 
comes 

i> x^ y^ z^ 

\ ^ "^ *^ "*■ 7 " ^* 

iVo^e. The quantities 9,a, 26, 2c^ and 9,ay9,b\ 2c' will^ in 

future^ be employed in the sense annexed to them in the last 

, two Articles ; and must^ therefore, be distinguished from the 

^v coefficients of the general equation^ which were denoted by the 

imame letters. 

364. Prop. S. To find the equation to a tangent plane, 
f applied at a given point {pc\y\ z). 

The surface being referred to conjugate diametral planes, its 
equation is 

ilx^ + %* + Cz^H-JD = (1). 

I<fow,*if a secant be drawn through the given pointy its eq^iatioils 
vrill be 

4 j:— a?' =:«i («—/)% 

y—y =w (2;— 2)5 

Sut, since x'yy, J must satisfy equation (l); we .have 

whence, eliminating D by means of equation (I), 

A {x^ ^J^)^'B(,y^ -y'^^ ^Ciz^ -- z^)^0, ' 

but {p? - /') = {x ^x) (x - a:') 

= .•. (a: + /)!»(;? — z'). 
In like manner, 

y — y* = (y +/) n{z- z). 

Substituting, therefore, and dividing each term by t-^z', there 
results 

Am {x + j!)+Bn (y+y) + Ciz+z) = (S), 
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Let US DOW suppose x = 
becomes a tangent, aad ^ 



r', y=y' and 2 = a'; then the seesnl \ 
i have, on dividing each term bj 



Amx-YBny'-\-Cz =0. 

But the tangent plane at a giren point of a surface, being ihl 
plane which contains all the linear tangents at the same point'.] 
this equation ought to be independent of m and n ; elinuDaiic; I 
these quantities, therefore, by means of (S), we have 



or Axx' -^-Byi/' -^Czz' = A 



- O, 



= .-. -Z>, 
which is the equation required. 

By a similar process, the equation to the tangent plane may I 
be determined, when the surface is defined by its geueral e 
tioD, 

3d5. Cok. ]. When the surface is referred to a gi«n| 
system of conjugate diameters, the equation to the tangent plsu 
will become (354) 

XX yy zz 

-r, +^!i +— = i- 

a c' 

366, Cob. S. The equations to the normal are, (264), 



n-s -- 



!:'), 

,(!-/). 



367. CoH. 3, The tangent plane at the extremity of any 
diameter is parallel to the diametral plane, which is conjugaK 



to that diameter. 



* Lacroixj Compl. de Gfxtm. No. .103. 
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Hence^ the principal diameters are perpendicular to the 
tangent planes at their e^ctremity. 

368. Prop. 4. A system of conjugate diameters of known 
inclination being given^ to find the magnitude and direction of 
the principal diameters. 

The proposed question is analogous to that which forms the 
subject of Art. 1 19^ and may be resolved on similar principles. 

Any one of the pi^incipal diameters being perpendicular to the 
tangent plane at its extremity (359)^ we shall assume as the basis 
of the investigation^ that this plane coincides with the tangent 
plane applied at the same point to a concentric sphere. 

Let x\ y y z be the co-ordinates of the extremity of any 
jprincipal diameter^ and 2 r its length. 

The equations to the diameter will be 

x^mZy y=^nz (I), 

z z 

The equation to the plane which touches the surface at the 
extremity of this diameter is, (357), 

X y 7^ 



a' DC 



X Xf 

or replacing -7 and ^ by their values, 

z z 



m n \ , •. 



In like manner, the equation to the tangent plane to a con- 
centric sphere, at the same point, may be shewn to be 



M8 
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,'f' 


n + 


W C03 x,y + cosx 


,jlr + ii» + mco.x,3,+ 


cosy.jij 




+ 


ii,.».c,.. 


: + m 


eo,^,4.-=l 




(3). 


Now 
their 


, since these tangent 
corresponding terms, 


plan, 


cs are identical, 


we have, equaling 






m + ncoBX, 


.y+' 


cos a:j z = -75 »■' 










n + ».co.i, 


J-H- 


""S.'- = y-,'' 


'• 








I+MCOSy, 


1 , 

r+m cos 37,3 = "ft*" 






Whence. 


eliminating m and », 


we obtain the ei 


^uation 




r'-(fl' 


*+i 


S"+c'')r'+Jii"4'' 


'.in- 


x,y+aV'siD'j:, 


i + 6'V 


■siny.slr- 



— o'Vc"! 1— 2co3i',ycosi,;cosJ/,E--(cos*J",_y+co8'ar,2+co3'_y,;)} =0, 
the roots of ivhich are evidently real. 

Hence, the magnitude of the principal diameters is known, 
and their direction, dependent on m and «, may also be deter- 
mined. 

369- Cob. Let a^ H*, c', arranged in the order of their 
magnitudes, be the three absolute values of r*, (355). 

We then have, by the theory of equations, 

(1) a'' + i''+c"«a' + A* + c*, 

or, the sum of the squares of any system of cotijugate duaneteri 
is equal to the sum of the squares of the principal diameters. 
(2) a'^y* sin*r,y+a''c'' sin' j',E + fr'*c'* sin^y, J=flV+aV+iV, 

or, the sum of the squares of the faces of the parallelepiped 
described on any system of conjugate diameters, is equal to the 
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• JH of the squares of the faces ff the redf^ular parallelepiped 
Mcribed on the principal diameters, 

-^„ a^b'*c*{l'-2co8X,ycosXjZcosy,Z'-'(fios^x^y+co8'x,z+co9^y^)} 

= a c> c . 

f, the volume of the parallelepiped^ on any system of conjugate 
Uameters, is equal to that on the principal diameters. 

* When any of the quantities a, a; ft, ft'; c, c are imaginary^ 
dieir squares must be reckoned negative. 

370. Hitherto we have paid no regard to the signs of 
€^j b^y ^y and have employed the equation 



i^, ^ characterize^ indiscriminately^ all surfaces of the second order 
Aat have a centre. But, since c^^ b^, <? are the three roots of 
cubic equation^ they admit of the following varieties of sign: 

(1) They may be all positive. 

(2) Two may be positive, and one negative. 

(3) One may be positive, and two negative. 

(4) They may be all negative. 

Wherefore^ equation (1) will undergo a correspdiMBlig change, 
and will, in each of the first thfee cases, belong to a particular 
species of surface ; the fourth c^e we exclude from considera- 
tion, because the surface, would then be imaginary. 

It thence appears, that surfaces of the first class comprehend 
three species ; these are named as follows : 

(1) The Ellipsoid. 
Here a^ ft^, i? are positive \^ the equation, therefore, is 

^* -L. ^ -L ^ — 



a* ' ** 



c 



(3) 
Here 
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I Hyperbotoid of one sheet. 

' are poaidve, and c' negative ; the equation, there- 

C + ?^- -= 1. 

a b' c' 
le Hyperboloid of two theets. 
Dositive. and b^, c' nes;ative ; the equation, there- 



We now 

of these su;.. 



le nature and form of each 
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ON THE ELLIPSOID. 

371. Prop. ]. To find the nature of the section made by 
tt plane parallel to any one of the co-ordinate planes. 

If the intersecting plane be supposed parallel to the plane of 
xy^ its equation will (256) be z=sy. 

This value of z being substituted in the equation to the 
dlipsoid, there results 

.^ 4. *L, 4- ' = I 

<>«• 1 + ii = *~ ^' 

a be 
which, so long ?i^ y < Cj is the equation to an ellipse. 

The sections made by planes parallel. to the planes lofVJts; 
and yz^ may, in like manner^ be proved to be ellipses whose 
equations are respectively 





+ 




= 1 — 


^ 
i" 


6« 


+ 


4* 


= ] — 


a* 



Oo 
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372. Cor. The (races of the ellipsoid, that is, its inter- 
sections with the co-ordinate planes, are determined by making 
X, y, Z, successively = in the general equatioD, or, which 
amounts to the same thing, by making a, fi, y in the hn I 
article = 0. The equations thus obtained are 

■75 + -5=1, ihe trace on v- (Oj 

-, + ^ =1 xz (2), 

-.+%=^ ^y (3)» 

whence, the traces are ellipses whose axes are 2 i, 2 c ; 2 o, 
and 2 a, 2 A. 

These traces are called the principal sections of the ellipsoid, 
and may be thus represented, fig. 88. 

Let the centre C be the origin^ then 

(1) The section made by the plane of xy, is the ellipse 
ABVb, whose equation is (l), and whose axes, therefore, are 
2 a, 2/-. 

(2) The section made by the plane of xz, is the ellipse 
ADVd, whose equation is (2), and whose axes, therefore, are 
2tf, 2c. 

(3) The section made by the plane o( yz, is the ellipse 
DBdb, whose equation is (3), and whose axes are Qb, Zc. 

The origin is the common centre of these three ellipses, and 
the lines which are marked by the same letters must be con- 
ceived to coincide. 

The sis vertices are A, V, B, b, D, d. 

373. Prop. 2. To find whether or not the ellipsoid be 
limited in all directions. 
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In order to ascertain this circumstance, we must determine 
Ae co-ordinates of the points in which any diameter intersects 
^ybe surface. For, according as these co-ordinates are real or 
' imaginary^ the surface will be limited or unlimited^ in the di- 
rection indicated by each. 

g ' Let the equations^ then, to any diameter be 

' Substituting these values of x and y, in the equation to the 
ellipsoid, we have 

ahc 

2= + 



whence x and y are also known. 

Now, whatever values be assigned to m and n, the denomi- 
nator of this fraction will continue finite, and Zy therefore, will 
always be real: consequently^ x and y will also be real. Hence, 
fvery diameter meets the surface ; which will, therefore^ consist 
pf one sheet, and be limited in all directions. 

374. The general equation to the ellipsoid being 

Ax^+By^ + Cz^'^D, 
in which ji, B, C, are positive, let us suppose 

(1) That D = 0. 

Then the equation becomes 

which is the equation to a point. 

(2) That D is negative. 

Then, since the sum of three quantities essentially positive 
cannot be negative, the equation in this case is that to an 
imaginary surface. 

(3) That any two of the coefficients A, B, C, are iequal. 



ANALYTICAL a&OMETRT. 



, IheD, tbe equation becomes 



:'+/ + 



J A- 



or ,>+/ = f«, 

which (349) is ihe equaiioa to an ellipsoid of revolution, about 1 
the axis of z. 



In like manner, according a 
or of y' and j" are eqi 
revolution about tfae axis ot ^ c 

(4) That the 

Then, the equabon 



the coefficients of x' and :', 
oid becomes a surface of 
respectively. 

B, C, are equal. 



It f eties of the ellipsoid are 

the ellipsoid of revoluttOTt^ the sphere, a point;, and an imaginary 
surface. 



CHAP. IV. 



ON THE HYPERBOLOID OF ONE SHEET. 

375. Prop. 1. To find the natare of tbe section made by 
a plane parallel to any one of the co-ordinate planes. 

If the intersecting plane be supposed parallel to the plane 
of xy^ its equation will be 2; s= 7. 

This value of z being substituted in the equation to the 
hyperboloid^ 



4 2 3 

X y z 



-^ ' ft« C^ 



there results 



or 



« 2 2 

X y y 

a c 

x^ y* y^ 



6' 

which is the equation to an ellipse. 

Since y^ remains positive^ whether 7 be positive or negative, 
it follows that if planes be drawn parallel to xy^ at any distance 
above Or below it^ their intersections with tbe furfuce are Ml 
ellipses. 

Nes^t^ if y «: /3 be the equation to a plane drawn parallel to 
xZj the s^tion is reprqiiented by the equation 
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and is, therefore, an hyperbola. 

In like maimer, llie section made by a plane parallel to ^: 
IS an hyperbola, ^vhose equation is 

This surface will consist of only one sheet. 

376. Con. Hence, the priHnpa/ sec((oHs of the liyperboU 
are 

• ■ ■ .(1). 

an hyperbola — , =' (S), 

an hyperbola "-^ ; = 1. . . . . . (3). 

o c 

Let T = 0, then y~+b, and z is imaginary, 

^^0, '1^^ ±"1 and z is imaginary. 

Consequently, the asis of : does not meet the surface, which 
has, therefore, only four vertices. 

The principal section may be thus represented, fig. sg. 

The centre C being the origin, 

(1) The section made by the plane of jy is an. ellipse 
ABVb, whose equation is (!)) and whose axes, therefore, are 

2a, lb. 

(2) The section made by the plane of xz is an hyperbola, 
whose equation ix (2), and whose axes are 2 a, 2 c ^ — 1. 



y 
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(3) The section made by the plane of yz is an hyperbola, 

4 whose equation is (l), and whose axes are 26^ 2c l/— 1. 

r 

The origin is the common centre of these three sections, and 
the lines which are marked by the same letters must be con- 
I ceived to coincide. 

The four vertices are Aj Vy B, b. 

377- Prop. 2. To determine the co-ordinates of the points 
in which any diameter intersects the hyperboloid. 

^; ': Let the equations to any diameter be 

z = mz, y = nz. 

Substituting these values of x and y in the equation to the 
byperboloid, we have 

^ ±abc 



whence x and y are also known. 

The diameter will, therefore, meet the surface only so long as 
the denominator J*c*i»*-|-a*c^«* — a*6^ continues finite. 

If this quantity = 0, then the diameter will not meet the 
surface^ except at an infinite distance. In this case^ 

ac 

a 
which will be real if i» < - . 

c 

Hence, the equations to the linear asymptote, (See Art. 103.) 
are 

x:Bimz, yss— V(«* — m^c^ z. 
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Eliminating ni from these equations, we obtain 

b^c'x" + a" c°y' — a^ b^ z' =0, 

""' ^ V° I* 

or -. +|j- -i =0. 

which (337) is ihe equation to a conical surface. 

This conical surfacCj containing all the linear asymptotes that 
can be drawn throagh the origin, will itself be an asymptote 
to the hyperboloid. 

37s. The general equation. to the hyperboloid of one sheet 
being 

let us suppose 

(1) That D = 0. 

Then -=--—- _; 
y A y^ A 

■■-(H)- 

Hence, I (SS7) I 'the surfece becomes that of a cone, whose 
vertex is at the origin. 

(2) That^=rB. 

Then, the equation becomes 

or x^-\-f = F{z). 

The hyperboloid, therefore, becomes a surface of revolution 
(349) about the axis of z. 

It thence appears that the varieties of the hyperboloid of 
one sheet are the kyperhohid qf revolution, and the cone. 



CHAP. V. 



ON T9E 9TPSRB0L01D OF TWO SHEETS. 

^79' Pilop- 1. To find the nature of the section made by 
H plane parallel to any one of 'the co-ordinate planes. 

The intersecting platie being supposed parallel to the plane 
of xy, its equation will be z^y. 

Substituting this value of z in the equation 

2 2 S 

X y z 
a c* 

X y y 

we have "i - 7s = 1 + -^ , 

which is the equation to an hyperbola. 

Next, if y=:fi be the equation to a plane drawn parallel to 
the plane of xz, the equation to the section will be 

^ _ / _ ^ 



which is also an hyperbola. 

Lastly^ let X = a be the equation to a plane drawn parallel to 
the plane of yz, then, the section will be defined by the equation 

6? '*' c» " a" '• 
Pp 
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The section, therefore, it an tUipse, provided that — > I, or 

a>±a. 

If a = ± flj the teciion u a point, 

ad. ± a, the section is imaginary. 

Whence it appears that if two planes be drawn parallel tn 
the plane of.xy, at a distance +<i ond —a, the surface wii 
hare no point situated between these planes, but will extend in- 
definitely above and below them. The surface will, therefore, 
consist of two sheets. 

Cor. Hence, the principal sections of the hypcrboloid of 
two sheets, are 



M=' 


.(0, 


i:-4=. 

a' c 


- . (2), 


?-f--- 


. - (3), 


of which the first two are hyperbolas. 


and the last an imagi 


curve. 





ll 



Let X = 0, then y and z are each imaginary. 

Let y or r = ; .'■ j = + a. 

Consequently the axis of x alone meets the surface, which 
has, therefore, only two vertices. 

The principal sections may be thus represented (fig. 90.). 
The centre C being the origin, 

(1) The section made by the plane of xy \s an hyperbola 
w hose equation is ( 1 ), and whose axes are 2 a, 2 6 ^ — 1 . 
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(2) The section made by the plane of xz is also an hy- / 
perbola whose equation is (2), and whose axes are 2 a, 

2c a/— 1. 

(3) The section made by the plane of of yz is imaginary. 
The two vertices are A, V, 

380. Prop. 2. To determine the co-ordinates of the points 
in which any diameter intersects the hyperboloid of two sheets. 

It may be shewn precisely as in Art. 376, that the equations 
to the linear asymptote are 

x=mz, y= — \/(m^c^ '-a^).z, 

ac 

and that the equation to the conical surface, which is an asymp- 
tote to the hyperboloid, is 

381. The general equation to the hyperboloid of two sheets 
being 

Suppose 

(1) That D=0. 

Then, as in (337)^ the surface becomes conical. 

(2) That J5=C. 

Then ^x*- — =^y* + z*; 

therefore, the hyperboloid becomes a surface of revolution about 
the axis of x. 

Hence, the varieties of the hyperboloid of two sheets are 
the hyperboloid of revolution, and the cone. 
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The section, therefore, if |^ 

o > + «. ' 

.(♦ 
If a= ±0, thesecr ^ *, 
■ 5; 

Z + a, the » V 

!>nce it SDDf * 



Whence it sppf 
ihe plane of xy 
have no point ffi 
definitely aboy 
consist of tv 



J 



'■ "OT ^ CBNTRB. 



■»» <!■":« our al,e„„„„ ,„ ,^^, J 

.»o .hee ■"'!••"> "' '■''^••"-S .heir e,„.,i„„, j, /„ j^„\ 

^„.al,on to.„rf.ce.of ,he li„i cl,„. „he„,tl„l 
*e re,L„>.l= modifical,™. I, „„ n,„^ „|,^_ ^^. 

7/.» »f "" '"""'' ""I"' "'■> »e <l"i»=d the equau., 
jbolai "t"" ."'>* .<* tne ellipse or hyperbola. 



Jr" 



icC 



paop. 1. To find the equation to .urfaces of ik 



-j-lie equation to the ellipsoid, and hyperboloid of one sheet, 

is 1 J J 

T+ S ± T = 1- 
a c 

Let the origin be transferred to the vertex of Ihe diameter 2s 
rthich is done by substituting a—x for i; then the equadoD 
becomes 



» a <. 

or, multiplying each term by t 

x'^ a „ a 



CHAP. VI. 



ON SURFACES WHICH HAVE NOT A CENTBE. 

383. We shall now direct our attention lo that class of 
Burfacea, in which the centre is supposed to be infinitely distant. 
The simplest method of obtaining their equntton, is to deduce 
it from the equation to surfaces of the first class, when it has 
uDJJergoDe the requisite modification. It was thus, when treat- 
ing of lines of the second order, that we derived the equation to 
the parabola, from that to the ^ipse or hyperbola. 

383. Pbop. 1. To find the equation to surfaces of the ' 
second class. 

The equation to the ellipsoid, and byperholoid of one sheel, 



Let the origin be transferred to the vertex of the diameter 2o, 
which is done by substituting a~x for a; then the equation 
becomes 



or, multiplying each term by a. 
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Now^ the principal sections made by the planes of xy, xz 
are, in the ellipsoid^ ellipses ; and^ in the fayperboloid^ an ellipse 
and an hyperbola; Arts. 371^ and 375. 

Let m, m denote the distances from the foci of these sections 
to the vertex of the diameter 2 a. 

X 

Then^ supposing the centre to be infinitely distant^ — s 0, 

a 

since a is infinite* 

Also — = 2m, and - = 2m', (158); 
a a 

therefore, substituting these values in (1), the equation becomes 

— ± — 7 = ^x, 
2m 2m' 

or, multiplying out, and suppressing the accent of x, 

^y i: mz^= 4mm'x, 
^hich is the equation sought* 

The surfaces refyresented by this equation are called by the 
general name of Paraboloid. 

They comprise the two following species : 

(1) The elliptic paraboloid, who^e equation is 

my + mz* = 4mm'x. 

(2) The hyperbolic paruboloidi whose Equation is 

my* ^mz^^ Amnix. 

384. Having obtained, by what appears the most obvious 
process, the equation to the paraboloid, we shall proceed to 
point out more fully the relation which the two classes of sur- 
faces bear to each other. 
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Resutning the equatkm 

ax* +hy*-\-cz*-\-^a"x-\-%b''tf +^c'z + d=(i, 

let the origin be transposed to a point (a, /3, y) ; tlie equalion 
then becomes 

+2a"(x+a)+2 6''C3/ + )3) + 2c"(:' + 'y) + '' = 0, 

or, when developed and arranged, 

or'»+Jy"+cz" + (2aa+fl")i' + Cai/3 + A'')y + (ec'y + c"):' 

+ ao'+ft/3* + C7*+.2«"a + 2i'';3 + 2c"7+d = 0. 

■ Now, in order that the new origin may be the centre, ihf 
coefficients of *', y, and z', must = (360); 

.'. Saa +fl"=0; .•- a = — — , 
2h^ + b" = 0', .'. fi = — ^, 

2ey+c"=0; .". y = -~- 

This operation is practicable only so long as the coefficientt 
a, b, c, are finite. 

When the centre is infinitely distant, wc may suppose all 
the three quantities a, b, c, or any two of themj or only one of 
them, to vanisL. 

The first hypothesis is obviously inadmissible, because the 
surface would then be reduced to a plane. It only remains, 
therefore, to consider the last two cases. 

(I) Let any two of the coefficients, a and h for example, 
= 0. Then, the general equatioo becomes 

ci° + 2a'V + 26",y + 2c"z + rf = 0. 
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In order to ascertain the nature of this surface, we shall cut 
it by planes parallel to that of ti/ ; substituting, therefore, 7, 
•y', "/"••■ snccessively for z, we have 

2fl"x + 2 6"y + C7' +3c"7+rf = 0j 

9.a"x + Qb"i/ + cy" + 9,c"y' + d = 0. 



which are the equations to parallel straight lines; whence (331) 
the surface is cylhidrical. The species of the cylinder is de- 
termined by making i/=0 in its equation; we thus have for the 
equation to its projection on the plane of xz, 

cz* + 2 a'x + Sc"z + d = 0, 

which represents a parabola. 

Hence, when the general equation wants two of the terms 
involving the square of the variables, it belongs to a cylindrical 
surface, whose base is a parabola. 

(2) Let any one of the coefficients, for example, a = 0. 

Then, the transformed equation becomes 

iy" + cs" + 2«'V + (2 6/3 + 6")y+(2c7 + t'V 

+ 6/3' + C7'^ + 2«"a+26/3" + ...=0. 

Here it is plain that a cannot be found, as before, by taking 
away the term involving x'; it may be determined however by 
supposing the last term to vanish. We thence have 

b" c" , /3' + c 7' + 2 6"/3 + 2 c"y + d 
B= -, 7= , and a = -— s ■ 



The equation, therefore, now becomes 
Sy* + c/* + 2a"x = 0, 
which is the equation to a paraboloid. 
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In order that the equation may be redticed to this form, ih 
quantity a" must be fiuite; whence it follows that lu the equa- 
tion to the paraboloid, the first and second powers of an? 
variable cannot vanish at the same time. 

If a and a" be botb supposed = in the general equation, 
it becomes 

bf + cz' + ib" + 2c"z 

which represents a cylindrical surface, whose base, situated in I 
the plane of yz, will be an ellipse or an hyperbola, accordicf 
as b and c have the same or different signs. 

385. Prop. S. To find the equation to a tangent plane, 
applied at a given point {x',y', z'). 

The equations to a secant drawn through the given point is 

« — a/ = a (« — s')-k 

Since the given co-ordinates must satisfy the general equation. 
m'y^ +ms^ =4mm'x. 



.(1). 



we have m'y'^ ±mz^^4mm'x; 
therefore, subtracting the lower from the upper, 

"*' (y~y^) ± ™ i^*—-'^) = Amm {x—x"), 
or rti iy-y') {y +y')±m{z-z') {z-ts') = Amm' {x~x'), 

whence, replacing x—x' and y—y, by their values ia { 1), and 
dividing the result by :— r', we have 

m'A (y+y) ± m {z+z')=Amm'a, 

which is the uriiiiitiun to the secant. . 
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Suppose, now, that x^x'j y^y't t^z^ then the secant 
becomes a tangent, whose equation^ therefore, is 

Buty since the tangent plane contains all the linear tangents 
that can be applied at the given pointy its equation must be in- 
dependent of a and b. Wherefore, eliminating these quantities 
by means of (1)^ we have 












.'. m'yy' — my* ± mz2f + mz'* = 2mm x — %mmx\ 

or niyy +mz:if — 2mm'x = m'y'^ ± n^z^-^^mm'/, ^ 

= 2mm'x; 
.•. m'yy' ±mzz'^%mm' {x'\-x) ^Oy 
is the equation sought. 



Qq 



CHAP. VII 



ON THE ELLIPTIC PARABOLOID. 

386. To find the nature of the section made by a plane 
parallel to any one of the co-ordinate planes. 

If the intersecting plane be parallel to the plane of xy, its 
equation will be z^y\ whence^ substituting this value of z 
in the equation 

ni y -^ mz^ = 4m mx, 

we have 

my + my'=:4mm'x, 

or my = wi (4 wi jr — */ ). 

In like manner, if y^fi, and x = a, the sections parallel to 
the planes of xZy and yZy are 

and my* + m z* « 4 m m'a. 

It thence appears, that the sections parallel to the planes of 
xy and xz are parabolas, and that the sections parallel to yz 
are ellip$es. 

When as=0, the ellipse becomes a point, whence the surface 
touches the plane oi yz at the origin. 

When a is negative, the ellipse becomes imaginary; the 
surface, therefore, is wholly situated on one side of the plane 
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387* Cor. The piincipal sections are 

y*=:4mx (1), 

z^=i4fnx. • (9)f 

my +mjr» = (3). 

The first two are parabolas whose commoh vertex is the origin, 
and whose common axis coincides with AX: the third is a 
point. 

388. In the general equation 

my* -i-mz* ^ 4m mx. 

Let m =^ m ; then 

y« + 2* = 4mXy 

which (350) is the equation to the paraboloid of revolution 
This is the only variety of the elliptic paraboloid. 



• 



389- Prop. 2. If the parabola (z* =? Amx) move parallel 
to itself^ so that its vertex may always remain upon the parabola 
(y« = 4 mx), it will generate the elliptic paraboloid. 

The same notation being used as in Art. 9.52, the equation 
to the generating parabola is 

z* = 4m X (1), 

and that to the directrix^ 

Y* = 4mX (2). 

Since the generating parabola moves parallel to itself, its 
equations in any position will be 

y = /3, 2* = 4 m'x + a. 

But, since by hypothesis it passes through a point, 

(x = X, y=Y, :r = 0) 
of the directrix, we have 
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y a 4m'x~-z' _ z' 

~ 4 m' ~ 4 t/i' ~ 4m' ' 

These values being subBtitutei) In (2), there resulu 

m'y' + mz' = imm'x, 

which is the equation to the eliiplic paraboloid. Whence ft 
triilh of [he proposition. 



CHAP. VIII. 

* ) I I I ■ ■ ■ I .1 I I I « II I H i i « . r . 

ON THE HYPERBOLIC PARABOLOID. 

390. Prop. 1. To find the nature of the section made 
by a plane parallel to any one of the co-ordinate planes. 

Substituting for Zy y, Xy in the equation 

the quantities 7^ fi, a, vre bave 

my* S2 m (4 mx + y*\ 
mz^ = m (/3* — 4mx)i 
my'^ — m* z = 4 mrrix. 

Whence it appears^ that the sections made by platies parallel 
to the planes of xy and xZy are parabolas^ whose common axis 
is that of x; and that the sections parallel to the plane of yz, 
Are byperbblas. If a be negative, the seCtioiiB are still hy- 
perbolas, whose equations are 

tt a^Of th6 hyperbola becomes two straight lines that inter- 
sect each other at the origin. 

3j)l. Cob. 1. The principal sections are 

y^4ffix (1), 

;t**s -^4mx (4), 

my -^^/it^itO ...... (3). 
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394. Prop. 2. To find the co-ordinates of the points in 
\vhich the line 

z = aXf y = bXy 

intersects the surface. 

Substituting these values of y and i in the equation 

my -^mz ^ 4fnmXj 
we have (mb* - ma*) x* = 4mm'x, 

whence one value of x, and, therefore^ of y and of z = 0. 

. , 4 mm' 
Also x= -rn J, 

and y and z are known in like terms. 

Consequently^ the proposed line will meet the surface so 
long as the denominator m'b^ — ma* is finite. When this 
quantity = 0, the line will be an asymptote ; in which case 

i=±« V -,• 

^ m 
The equation, therefore, to the rectilinear asymptote is 

z = ax, y = a \/ —jx. 

^ m 

Eliminating a, we obtain the equation 

m'y* — mz^=^Oy 



whence, y=^±z ^ -> , 



ni 

the equation to two planes: wliich, since they contain all the 
rectilinear asymptotes, will, themselves^ be asymptotes to the 
surface. 
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39b. Pkop. 3. If the parabola (z'= —ira'x) move parallel 
to itself, so tbat its vertex describe the parabola (j/* = 4»i7), it 
will generate the hyperbolic paraboloid. 

The equation to ihe generating parabola is z*= — 4ib'j;.,.(1), 

and that to the directrix Y' = 4mX...{2). 

In any positioD the equations to the generating curve vcill be 

y = /3, z'= -im'x + a (3). 

And, since it must pass through a point 

(x = X, t,= ¥, z = 0,) 

of the directrix, we have in equation (3)j 

4 m' 4 m 

therefore, equation (2) becomes, by substitution, 

.*. m'y* — mt^=i4mm'x, 
which is the equation to the hyperbolic paraboloid. 



CHAP. IX. 



ON TH£ Sl^iPTipKa OF 8UailFA.C£S OF THlB SECOND OBDER 

MADE BY A PLANE. 

396. ' Pbop. 1. To find the nature of the curve formed by 
the intersection of a surface and a plane. 

I. Lot ihe 3Airface be .supfipsed to haye a ceiatre. 
Theq^ the gei^eral equation is, (353) 

In order to determine the secUon made by a plane, we must 
substitute for x,t/, Zy the following values (321): 

x'i^x cos +y' cos Q cos 0, 

y^^x sin ^^y cos Q cos 0, 

z^^y sin 0. 
■ .1 

The resultj developed 2M[id s^'ralp|ge(;i, will be 

(4 ws* 0+5 8in» /'+ { C «n'vd+cos' (4 ^in'^-h^ cos*0)}y;" 

+9, {A-'B) $in (p ci^s ^ COS 6 . xy + D =sO . . . .(e). 



Wherefore, the curve of intersection is a line of the second 
order. 

The species of the curve will d^pend^ (Art. 90 and 201), on 
the sign of the quantity 

4 - J3«) 8in*0 cos* co8« ^- 4 (-4 cos* + B sm*0) { esin''d+cos^e{A smV+i^eost^) }, 

or, when the expression i« reduced, of the quantity 

^AB cos* a- BC sin* sin* 0- AC sin* cos* . . (1). 

Rr 
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het us now suppose the surface to be 

(l) An ellipsoid. 

Then, the coefficients J, B, C being all positivej the above 
<]uantity is essentially negative. Consequently, the section of 
an ellipsoid, by a plane, must be an ellipse, or one of' Us 
varieties. 

(8) An hyperboloid of one, or of two sheets. 

Then, since any two of the coefficients A, B, C may be 
positive or negative, and the remaining one negative or positive, 
the above quantity (l), may be positive, or negative, or = 0. 
Consequenlly, the section of either species of hyperboloid b; 
a plane, may be an ellipse, hyperbola, or parabola. 

We have already arrived at the same conclusion, (Art. 344, 
and 345), in the case of the cone, which, in fact, is only a 
variety of either kind of hyperboloid. 

II. Let the surface be supposed not to have a centre. 

Then, the general equation is of the form 

M/ + MV + Pj:=0. 

Following the same- steps as in the first part of the proposition, 
we obtain, for the equation to the curve of intersection, 

(Afco8'Sco8'0+JM'sin'0)y'+ Jlf'sin'^.o:* — 23fsin(^cos^cos0.r^ 

+ P cos cos 0.J/ + P COB 0.1 = (e'). 

The curve is, therefore, a line of the second order, whose 
species depends on the sign of the quantity 

— MM' 8in*0 sin' 6. 

(l) Let the surface be the elliptic paraboloid. 

Then because M, M' have the same sign, the above quantity 
is essentially negative. Hence, the section is an ellipse. The 
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quantity — JtfJH' sin^ sin" ^ will = 0, if either 9 or if> = 0. 
Tlie sections, therefore, in either case, will be parabolas, (208). 

Consequently, the sections of the elliptic paraboloid, by a 
plane, may be an eliipse or parabola, or a Tanety of either 
curve. 

(2) Let the surface be the hyperbolic paraboloid. 

Then, M, M' having diflfereut signs, the qnantity 

- MM' cos^ sin' 6 

is necessarily positive. Whence, the section is au hyperbola. 
If, however, or"0 = O, the section will, in either case, be a 
parabola. Consequently, the section of the hyperbolic para- 
boloid, may be au hyperbola or a parabola^ or a variety of 
either curve. 

397- Cor. It appears, from the second case of the Pro- 
position, that the section of the elliptic paraboloid can never be 
au hyperbola, nor the section of the hyperbolic paraboloid, 
an ellipse. 

398. Prop. 2. To investigate the conditions under which 
the section of a surface of the second order, may he a circle- 

I. Let the surface have a centre. 

Then, in order that the section may be a circle, the coeffi- 
cients of y' and x', in the equation to the section, must be 
equal, and the term involving xy, must vanish, (204). 

Whence, referring back to equation (e). Art. 39^, 
^cos'0+J3sin'0 = Csin*fl+cos'0(Jsin'0 + Bcos'0)... (m) 

and ^ (A — B) sin <p cos cos $ = («) 

Now the latter of these equations nill be &atis6ed, if 
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(1) Sin ^ = 0, or l t,x =0, (331, N(rfe>. 

(2) Cos^ = 0, or t,x = |. 

(3) Cos 0=0, or xy,xy' = ^. 

(l) Suppose <p = 0, or that the plane is perpendicular to 
that o/yz. 

Then equation (m) becomes 

OT, dmdiag each term by cos*0, 

Ctan'S + B = — ^ = A (\ +tan'' 9) ; 



/B-A 
therefore tan fl = ± V X^C ^'^" 



(2). Let «^ = ~ ) or the plane he perpendicular to that 
of TZ. 

Then, equation (/n) becomes 

Csm-6-\-A cos'9=/i. 

Whence, tan 6 = ± V -^ — ~ (2). 

(3) Let = -, Of the plane be perpendicular to that oj 
xy. ^ 

Then, as in the first two cutiefi, there results 



^ /A-C 



(S). 
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^^ ^ ^ B-A A-B A-C 

Wow, the three quantities -j p,, — — ^, • are so 

related to one attotfaer, that only one of them can be positive. 
For the product of all three being (■■— - y ) , s quantity neces- 
sarily positive, it follows, that one, at least, of the factors, must 
also be positive. Let the first, -^ p * ^ supposed positive ; 

then, B — A and A — C, and, therefore, their sum jB— C, 
must have the same sign; consequenlly, B—C and A~B; 
C— B and A— C must have different signs ; that is, the second 
and third must be negative. 

Similarly it may be shewn, that if the second or third be 
supposed positive, the remaining two will, in each case, be 
negative. 

Hence, of the three quanfies (1), (3) and (3), one only is real, 
and this, having a double sign, furnishes Ivo values of the cor- 
responding tangent. 

II. Let the surface be supposed not to have a centre. 
Then, as before, the section will be a circle, when, in equa- 
tion (e'), 

M cos* 9 cos' (p + W sin° $ = M' sm^ <l> ... . (m), 

and aM sin ^ cos ^ cos 9 = («')• 

Equation (» ) will be satisfied, by supposing 

= 0, or d) =- , or fl SB - . 

But, if tp be supposed = 0, the coefficient of j', in equation 
(^), would :=0, which, when the section is a circle, cannot be 
the case. Whence, we can only admit the two last hypotheses. 

(1) Let <i> — ~ , or the plane be perpendicular to that 

of T,. 
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Tlieti, equation {in') becomes 

/M' 

therefore sin 9 = + \/ rr^ (1). 

* M 

(2) Let 9 = —, or the plane be pei-pendicuiar to that 
'J 'S- 

Then, we have, in like manner. 



V-. 



.(2). 



In the elliptic paraboloid, one of these quantities will be real, 
and the other imaginary, according as M is greater or less 
than M'; the real quantity will furnish, as before, two values of 
the corresponding sine. 

In the case of the kr/perbolic paraboloid, JVf and Af' having 
different signs, the values of sin 6, and sin <f>, will be imaginary ; 
whence, no plane can be drawn, which shiiU intersect this surface 
in a circle. See Art. S93. 

We conclude, therefore, that in all surfaces of the second 
order, except the hyperbolic paraboloid, two planes may he 
drawn, such, that their intersection with the surface shall be a 
circle. 

The sub-contrary section of the cone (346), is to be regarded 
as a particular case of this Proposition. 

399- Cor. 1. In finding the nature of the section, Art. 396, 
suppose that the origin, as well as the direction of the axes 
is changed, and let a, (i, y be the co-ordinates of the new origin. 

Then, since the equations of condition (m), (n\ and (mO, (n), 
which determine the section to be a circle, are independent of 
the quantities a, /3, y, the Proposition just proved will hold 
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true, whatever be the point through which the intersecting plane 
is drawn. Whence it follows, that the pairs of planes which 
intersect the surface ia circles, will be infinite in number, and 
parallel to ODe another, 

400. Cor, 2. If we replace the indeterminate quantities 
D D D 

J, B, C by their values 1, — TT , - — (354), and then 

give to o*, i°, c^ their proper signs, according as the surface 
belongs to one or other of the three species (36'i), we shall 
have no difficulty in proving, that tlie sections are circles in each 
of the following cases : 

(1) In the ellipsoid. 

When the intersecting plane passes through the mean axis ib, 
and is inclined to the plane of sy, at angles 



(2) In the hyperboloid of one sheet. 

When the intersecting plane passes through the greatest axis 
2 a, and forms with the plane of xy angles 



-— ^ h - a' + t'- 
(3) In the hyperboloid of two sheets. 

When the intersecting plane is parallel to that which passes 
through the mean axis 2 J, and forms with the plane of xy 
angles 

~ o b' — c*' 

401. Prop. 3. Surfaces of the second order, with the ex- 
cepdoii of the hyperbolic paraboloid, may be generated in two 
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different ways, by the molion of a circii- parallel to itself, and 

of variable radius. 

Having already jlievvu, that an infinite number of pariri!d 
planes may be drawn, intersecting the surfaces in circles, it 
only remains to prove, that the cejitrea iif these circles will be 
situated on the same straight line. 

For this purpose, let the origin be transferred to the centres 
of any one of the circular sections : die terms involving x and y\ 
in equations (e), and (e')i Art. 390, will, therefore, vanish (91), 
and we shall have 

Cy sin 6— B/3 cos 9 cos tp-\-Aa cos Q sin ^=0, 

B(i sin tp-^Aa cos 0. . . . =0. 

Each of these equations being linear, it follows, that the lotiu 
of the centre is a straight line. Whence the truth of the Pro- 
position. 



CHAP. X. 



f ON THE CONDITIONS WHICH DETERMINE A SURFACE OF THE 
SECOND ORDER TO BE A SURFACE OF REVOLUTION. 

402. PRoPi 1. To find what must be the relation among 
the coefficients of the general equation, in order that it may 
represent a surface of revolution. 

The principle of the Iransformation of co-ordinates, leads, in 
a very simple manner, to the solution of tiie proposed question. 

The surface being referred to rectangular axes, originating 
at the centre, its equation will be 

Ai* + Bi/' +Cz^-^2A'yz+2l^xz+2Cxj/ = D . . .. (l). 

Let x', y, z be the co-ordinates of another rectangular system, 
which has the aame origin as the lirat. 

Then, supposing the surface to be one of revolution about 
the axis /, its equation will be of the form 

or, since the centre is the origin, (350) 

x" +/==«/' + 6 ....(2). 

a and b being constant quantities. 

If we now transform the co-ordinates from this, to the primi- 
tive system, the transformed equation will be identical with 
equation (1). 



Replacing, therefore, .r', y and z', by thei 
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and denoting cos x', x; cos x',y\ cos t\z. Sec. by myn^^^ 
Sec., equation (£) becomes 

whence, developing and arranging the expression^ we have 

+« (np+np' -an'y)yz + ^xz imp+mY—amy') 
+2 (niH -f mV — a m'V) xy = J- 

. But, («44) fn*4.j»'^+W'*=l; 

ifa*be taken«(l+a)i»'^ 
In like manner, by assuming 

(l+a)n'* = /3*, and (l+a)p"«Y* 
we may prove, that 

and p +p -ap = I — 7 . 

Again, mn + rrln-^mn' = 0, (247) ; 
/. mn-rmn ^am n = — (l+a)7w » 

and, similarly, for the other terms; wherefore the transformed 
equation becomes 

(1 -a')x' +(1 -i3')y +(^ -7")^*-2j37.j/2:-2a7.ar;2:-2a/8.ry=6 .(3). 

Hence, equating the corresponding terms of (1) and (3), we 
have 



ON SURFACES OF REVOLUTION. 

-1- = V ,'''d'^' 
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Then, l-a«= 51; and, similarly, 1-/3*= SB.l-y*= 5C.(4), 
Also fiy=-W 07 =-SBi a^=—hC (5). 

Multiplying together each two of equations (5), and dividing the 
product by the third, we have 



A'C . 


-^. 


- c ^'■ 


= 7*. 


A' ^'■ 


=«^ 



whence^ substituting for a^^ /3^, y* their values in (4)^ and elimi- 
nating S, there results 

A' ^ S ■" C ' 

whence, il'C^(C-ii)-B' (C'-^«) = 0, 

and il'C'(C-B)-A'(Cr*-B'^=:0, 
which are the equations of condition required. 

From this result it appears^ that the generality of the con- 
clusion is not restricted by our having assumed the centre as the 
origin. 

403. Cor. 1. If any one of the terms involving the product 
of the variables be wanting, the surface cannot be one of revo- 
lution. 



Let A', for example, =0. 

Then, the equations of conditbo are reduced to this, 

whence, Sf^Oi or C = 0; that is, the general equation will 1 
want ttpo terms involving the products ; wbich is contrary to iht 
hypodiesit. j 

404. Cor. 2. Let two of the coefficients. A' and 0*, for 1 
example, =0. 

Then, from the first of the equations of condition, we have 

^ _ C~A 
A'~ C ' 
And from the second, 

B' g 

A' ~ C^' 

therefore, these equations become 

C* = (C~A)(C-B). 

CoR, 3. If, moreover, C=0. 

Then, from the equation just deduced, there must result either 

C=A, or C= B; 

that is, when all the three terms involving the products are 
wanting, the surface cannot be one of revolution, unless two of 
the coefficients ji, B, C be equal, and have ihe same sign. 

40d. Prop, 2. To find the equations to the axis of revo- 
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The equation to / being x'^ 0, y = 0, we have 



m 
m 



:x+n'y+p'z = oi ^ ^' 



Multiplying the first by m, the second by m', and taking the 
sum of the products^ we have 

(m^ + m^) x+{mn + mn) y + (»ip + wpO + 2? = ; 

therefore, adding ni'^x + ni'n'y ^ml'p^z to each side, 

{m^^m^+m") xHmn+mn+m'n)yHnip+mp+m'y) z 

^m" (m"x + n"y + f/^z) ; 

hence, (244 and 247) 

j: = w (m X + n y -^ p z). 

In like manner, multiplying, successively, the first of equations 
(1), by n, p, and the second by n,p\ and taking the sum of the 
respective products, we have 

2=|> (wi ar + « y+p 2:). 

Whence, eliminating the factor which is common to the last 
three equations, there results. 



^ — y «. ^ 
nk n p 



or (402), since 



m = — g ~ y n = ^ =■» ana p ^ — / > 

VI +a a/i + a Vl +« 



X y z 
« "" ^ "" 7 
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But, by the last Proposition, 

a C 

Which are the equations required,. 

On the subject of this Chapter, the reader mi^ consult 
Annales de Mathimatiquei, torn. V 11. 174, and also Corres- 
pondance Sur X'JE'cdIs Poi^sicAfitjftfe^ torn. II. 187* 
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ERRATA. 



Page 22. last line, /or ^^^^ : j^. read {^^ : {—^) . 

74t. last line, for (y— y) read (y— 50*» 
107. last line, /or tf^6^ read +a'»6'». 
1 16. 3 add fig. 50. 
118. 15 /or d^yy*+b*xaf=a*li* read cf'^y7/'+l^xaif=scf^b\ 

120. 19 /or \/{«'- ^' ^} '•^^^ S n/I^"-^ ^} 

147. 4 from bottom, /or MA read 2 MLi. 
152. 2 /or CX read CF. 
156. 8 from bottom, /or — 2aar read -f-2a«. 
173. 3 from bottom, for fig. 63 read fig. 66. 

176. 11 from bottom, for fig. 64 read fig. 67' 
184. 4 from bottom, for fig. 66 read fig. 70. 

212. 18 erase fig. 79. 

213. 10 /or cosp,r read co8p,x, 

249. \6 for ^xt read yfzt, -^ 

267. 12 /or =:c* read =0, 



Ji -F- 

• - 






_ 4 



&.J tj N»iltj€ MtJrrvU 




o 




« 



^.J»jarmk- M.JJ* J'mmiU 



I 

I 



I 




AJ.P^meUt ^.MMJmmA * 



*• 



il: 

I- 









!•. 



iJ'i 
?l ■ 

h •,; 

1 I 

r 

If' h 

-. ►• 



u 



■i. (« 



;1^' 



^i •: 



!'4 



I. 

■r 






.; ■ I 

t • 
i • 



■r 
• * 




'AJpJvJie ^JJtJafumJ * 



I 

\- 

I:. 



w 




L^ 



I 

I '. 

! 

» 

i 

1 • 

i 



It 

l! 



iJ 



■;? 




■^ 




I.' ■ t- I .\'tU X .Ifi t .t'tnatut 







^J»Xtrmif.H^*SmJ)mmmd 



I 



t 

r 
t 



\ 



II 



I; 




~h.J.trJvA ^^Ua J t nm t O - 



«' 




J^mLf-JtJS*SmmmJt 




6 ^rtJJTmU ft jy SMn4 



1 



■• 



"■» 



^t 



•I 




«J:$>JSmU.ir JJ» Jtfwml 



